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Abstract
This work is devoted to the eigenstates characterization of diverse few-particle systems
strongly confined in self-assembled semiconductor quantum rings, such as the case of single
and two-electron systems, the artificial atoms D0 and D−, and the molecular complexes D+2
and D02, in presence of external probes as electro-magnetic fields, hydrostatic pressure and
with temperature changes. The most remarkable morphological feature exhibited by the
self-assembled quantum rings is the small height (and width) to mean radius aspect ratio,
which has been experimentally observed via atomic force and scanning electron microscopy.
The study of these doubly-connected nano-structured systems, was done within the effec-
tive mass framework, which has been widely used by several authors in order to model the
behavior of these quantum mechanical systems. Since the Hamiltonian that describes these
systems in general is not exactly solvable, the adiabatic approximation was implemented,
which physically allows to decouple the fast particles motion along the transverse section of
the rings (radial and axial motions) from the slow orbital motion around the system rotation
axis. Consequently, this approximation requires that the quantum rings be thin, however,
this condition is in full conformity with the experimental observations of morphological char-
acterization of the rings and its validity has been extensively demonstrated in diverse works.
Therefore, the adiabatic approximation is an excellent scheme to carry out a description
(in a first approximation) of the energy properties of real few-particle systems confined in
self-assembled semiconductor quantum rings.
According to the norms of presentation of doctoral theses of the School of Physics of the
Universidad Nacional de Colombia sede Medellín, it was decided to write this document as
a compendium of articles published and submitted to different scientific journals related to
the systems described above and it is organized as follows. In the first chapter, a review of
state of art of these systems is made. In the second chapter, a detailed analysis of the effect
of the hydrostatic pressure on the energy spectrum of the systems compound by a single
charge carrier is performed, such as a bare single electron, one electron linked to a positive
charge center (or D0) and one electron coupled to two positive charge centers (or D+2 ). The
third chapter also examines the effect of hydrostatic pressure but on systems composed by
two charge carriers such as two bare electrons, two electrons bounded to a positive charge
center (or D−) and two electrons electrostatically coupled to two positive charge centers (or
D02) confined in single or double ring configurations. In the fourth chapter we examine the
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different molecular transitions that the D02 system undergoes in concentric rings by means
of geometrical variations of the system, allowing the definition of the ionization mechanisms
D02 → D+2 + e− and D02 → D− + D+. In addition, an in-depth analysis of the incidence of
geometrical parameters and the presence of magnetic and electric external fields on the eigen-
states of a D0 system confined in a non-uniform ring is made. The fifth chapter presents a
miscellany of works on few-particle systems confined in other kind of nano-structures, which
were developed with the aim of testing and refining some computational and theoretical
techniques, which were essential in obtaining the results of the previous chapters. In par-
ticular, the effect of hydrostatic pressure, temperature, and aluminum concentration on the
energy levels of a D+2 in a GaAs/Ga1−xAlxAs quantum well was studied. Also the behavior
of the energy levels of a D0 in nano-strips with variable height was characterized. Finally,
the study of the effect of the dimensionality on the energy spectrum of two electrons in an
anisotropic ellipsoidal quantum dot was addressed.
Most of the computational calculations in this work were carried out within the following
research projects financed by the Universidad Nacional de Colombia sede Medellín:
1 . "Propiedades Esenciales de Sistemas de Pocas Partículas en Anillos Cuánticos Autoen-
samblados". CONVOCATORIA DEL PROGRAMA NACIONAL DE APOYO A ESTU-
DIANTES DE POSGRADO PARA EL FORTALECIMIENTO DE LA INVESTIGACIÓN,
CREACIÓN E INNOVACIÓN DE LA UNIVERSIDAD NACIONAL DE COLOMBIA 2013-
2015 . Código QUIPU: 201010015038.
2 . "Estudio de las propiedades opto-electrónicas de los sistemas de una y dos partícu-
las confinadas en anillos y cintas cuánticas con deformaciones estructurales ". CONVO-
CATORIA NACIONAL DE PROYECTOS PARA EL FORTALECIMIENTO DE LA IN-
VESTIGACIÓN, CREACIÓN E INNOVACIÓN DE LA UNIVERSIDAD NACIONAL DE
COLOMBIA 2016-2018 . Código QUIPU: 201010017819.
Some of the results obtained in this work were socialized in the following events:
1. 3rd International Advances in Applied Physics and Materials Science Congress (An-
talya, Turkey) 2013
2. NANOANTIOQUIA 2013 (Medellín-Colombia) 2013
3. XXV Congreso Nacional De Física (Armenia-Colombia) 2013
4. High Pressure in Semiconductor Physics (Mexico City-Mexico) 2014
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5. Physics Light Matter Coupling in Nanostructures (Medellín-Colombia) 2015
6. 22nd Latin American Symposium on Solid State Physics − SLAFES (Puerto Varas-
Chile) 2015
7. The Eighth International Conference on Low Dimensional Structures and Devices
(Mayan Riviera-Mexico) 2016
In the framework of this doctoral work, the following undergraduate thesis was directed:
Title:
Estudio del espectro energético de un complejo molecularD0 confinado en una nano-arandela
semiconductora no uniforme en presencia de campos externos.
Undegraduate student:
Juan David Castrillón Gómez - Physics Engineer
Institution:
Universidad Nacional de Colombia Sede Medellín.
Finally, the results obtained in these projects and during the whole doctoral work were
recorded in the following articles published in several scientific journals (the descending order
of the articles in the table corresponds to the order of appearance in the thesis document,
they are not organized chronologically):
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Resumen
Este trabajo está dedicado a la caracterización de los autoestados de diversos sistemas de
pocas partículas fuertemente confinadas en anillos semiconductores autoensamblados, como
es el caso de sistemas de un solo electrón, dos electrones, átomos artificiales D0 y D−, y
compplejos molecuales D+2 y D02, en presencia de agentes externos como campos electro-
magnéticos, de presión hidrostática y cambios de temperatura. La característica de tipo
morfológico más destacable que exhiben los anillos cuánticos autoensamblados es la pequeña
razón de sus alturas (y espesores) y radios promedios, la cual ha sido observada experimen-
talmente mediante técnicas de microscopía de fuerza atómica y de barrido electrónico. El
estudio de estos sistemas nano-estructurados con topología doblemente conexa, se realizó
en el marco de la aproximación de la masa efectiva, la cual ha sido ampliamente utilizada
por muchos autores para modelar el comportamiento de este tipo de sistemas de naturaleza
mecánico cuántica. Dado que el Hamiltoniano que describe estos sistemas en general no
presenta soluciones exactas, se implementó el método de la aproximación adiabática, la cual
físicamente permite desacoplar el movimiento rápido de las partículas a lo largo de la sec-
ción transversal de los anillos (movimientos radiales y axiales), del movimiento orbital lento
alrededor del eje de rotación del sistema. Consecuentemente, esta aproximación exige que
los anillos cuánticos sean delgados, no obstante, esta condición está en absoluta consonancia
y conformidad con las observaciones experimentales de caracterización morfológica de los
anillos y su validez ha sido demostrada ampliamente en diversos trabajos. En este sentido,
la aproximación adiabática es un excelente esquema de trabajo para llevar a cabo una de-
scripción (en una primera aproximación) de las propiedades energéticas de sistemas reales
de pocas partículas confinadas en anillos semiconductores autoensamblados.
De acuerdo a las normas de presentación de tesis doctorales de la Escuela de Física de la
Universidad Nacional de Colombia sede Medellín, se optó por escribir este documento como
un compendio de los artículos publicados y sometidos a diferentes revistas científicas alrede-
dor de los sistemas descritos arriba y se encuentra organizado de la siguiente manera. En
el primer capítulo se hace una presentación del estado del arte de estos sistemas. En el
segundo capítulo se lleva a cabo un análisis detallado del efecto de la presión hidrostática
sobre el espectro energético de los sistemas constituidos de una solo portador de carga, como
es el caso de un solo electrón, un electrón ligado a un centro de carga positiva (o D0), y
un electrón acoplado a dos centros de carga (o D+2 ). En el tercer capítulo se examina tam-
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bién el efecto de la presión hidrostática pero en sistemas conformados por dos portadores
de carga como los dos electrones, dos electrones acopados a un centro de carga positiva (o
D−) y dos electrones acoplados electrostáticamente a dos centros de carga positiva (o D02),
confinados en configuraciones de uno o dos anillos. En el cuarto capítulo se examina las
diferentes transiciones moleculares que experimenta el sistema D02 en anillos concéntricos
mediante variaciones geométricas del sistema, permitiendo definir los mecanismos de ion-
ización D02 → D+2 + e− y D02 → D− + D+. Adicionalmente, se hace un análisis profundo
de la incidencia de factores geométricos y de la presencia de campos magnéticos y eléctricos
externos sobre los autoestados de un sistema D0 confinado en un anillo no uniforme. En
el quinto capítulo se presenta un misceláneo de trabajos sobre sistemas de pocas partículas
confinadas en otro tipo de nano-estructuras, que fueron desarrollados con el ánimo de probar
y refinar algunas técnicas computacionales y teóricas que fueron esenciales en la obtención
de los resultados de los capítulos anteriores. En particular, se estudió el efecto de la presión
hidrostática, la temperatura y de la concentración de aluminio sobre los niveles energéticos
de un D+2 en un pozo cuántico de GaAs/Ga1−xAlxAs. También se caracterizó el compor-
tamiento de los niveles energt́icos de un D0 en nano-cintas de altura variable. Finalmente,
se abordó el estudio del efecto de la dimensionalidad sobre el espectro de dos electrones en
un punto cuántico anisotrópico elipsoidal.
Gran parte de los cálculos computacionales relacionados con los sistemas analizados en este
trabajo, se realizaron dentro del marco de los siguientes proyectos de investigación internos
financiados por la Universidad Nacional de Colombia sede Medellín:
1 . "Propiedades Esenciales de Sistemas de Pocas Partículas en Anillos Cuánticos Autoen-
samblados". CONVOCATORIA DEL PROGRAMA NACIONAL DE APOYO A ESTU-
DIANTES DE POSGRADO PARA EL FORTALECIMIENTO DE LA INVESTIGACIÓN,
CREACIÓN E INNOVACIÓN DE LA UNIVERSIDAD NACIONAL DE COLOMBIA 2013-
2015 . Código QUIPU: 201010015038.
2 . "Estudio de las propiedades opto-electrónicas de los sistemas de una y dos partícu-
las confinadas en anillos y cintas cuánticas con deformaciones estructurales ". CONVO-
CATORIA NACIONAL DE PROYECTOS PARA EL FORTALECIMIENTO DE LA IN-
VESTIGACIÓN, CREACIÓN E INNOVACIÓN DE LA UNIVERSIDAD NACIONAL DE
COLOMBIA 2016-2018 . Código QUIPU: 201010017819.
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Without any doubt, materials science has played a key role in the development of a great
number of applications in engineering uplifting the quality of life of humans, particularly in
areas such as medicine, mechanics, construction and mainly in the electrical and electronics
industry [5]. The great advances achieved in crystalline growth and characterization of semi-
conductor materials have allowed to fabricate novel semiconductor nanostructures whose size
and shape can be carefully controlled with high nanometric precision, thus they are often
called low-dimensional systems (LDS) [6, 7, 8]. From the low-scale physics, it is well known
that the quantum phenomena in solids, such as quantum tunneling, energy quantization,
among others, are strongly related with the size and shape of the confining systems [5]. By
this reason, the new developments in growth techniques have captured a special attention in
the last few years with the main purpose of manipulating correctly and with great precision
nanoscale materials, allowing to prearrange and tailor diverse few or many-particle energy
spectra according to potential technological applications in the emerging fields of quantum
information processing [5, 9] and quantum optoelectronics [5, 6]. These are some of the
developments to be achieved by one of the most innovative and promising modern fields of
the human knowledge known as the nanophysics [5].
Pioneer studies on semiconductor nanostructures were done in the seventies by Chang, Esaki
and Tsu [10], who via molecular beam epitaxy (MBE), formed stacked heterojunctions con-
sisting of alternating nanometric thin films from two semiconductor materials A and B
following an ABABA sequence. Later, these heterostructures where manufactured by using
the chemical vapor deposition (CVD) [6, 7, 8]. By that time an innovative semiconductor
structure was grown and received the name of quantum well (QW) [7]. Basically, it is an
heterojunction in the sequence ABA, where the inner semiconductor B has the smaller en-
ergy gap and whose thickness is smaller than the de Broglie’s wavelength of the confined
1
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carriers. This condition reduces in one degree of freedom the particles motion, giving rise
only to a two-dimensional motion on a plane which is perpendicular to the growth direc-
tion. This is the reason by which QWs are often called two-dimensional nanostructures.
Further on, at the end of eighties, the refinement achieved in the growth techniques, allowed
to fabricate the called quantum well wires (QWWs) [7], where the particles motion was re-
stricted in an additional degree of freedom, giving rise to the possibility of moving only in
quasi-one-dimensional spaces. The restricting process on the particles motion ended with
the fabrication of novel and promising nanostructures called quantum dots (QDs) [11], in
which the carriers are restricted to move in zero-dimensional spaces. Due to the strong con-
finement that particles undergo into these structures, the QDs are ideal low-scale scenarios
to study the correlation effects between carriers such as the electron-electron, electron-hole,
and donor-electron interactions. Motivated by technological applications, it has been possi-
ble to manufacture experimental versions of quantum dot lasers [9, 12, 13], photo-detectors
[12, 14, 15], emitters [12, 16] and one-single transistors [17, 18] based on QDs.
In the 21st century, the interest of modern solid state physics has been focused on design, fab-
rication, study and applications based on nanostructures [12, 19]. Within the wide range of
nanostructures growth at laboratory nowadays, those that have been a great deal of attention
are the denominated self-assembled quantum dots (SAQDs) which are obtained by a crys-
tal growth process called the Stranki-Krastanow technique [12]. In this procedure the QDs
grow spontaneously as a consequence of the simultaneous effects of temperature and stress-
relaxation phenomena due to the slight lattice parameter mismatch between the deposited
and substrate semiconductors. This conditions allow the formation of three-dimensional
clusters with diverse morphologies, here, it is worthwhile to mention the QDs lens-like, pyra-
mids, disks and ring-shaped QDs. One of the most relevant structural properties of the
SAQDs is that the lateral size, which is usually between 30-70 nm, it is much greater than
the height which is about 2-4 nm. Among the large range of SAQDs, the self-assembled
quantum rings (QRs) [20] have taken a place of great importance because their topology is
non trivial. The QRs are not simply one-dimensional clusters of atoms or molecules on a
surface, on the contrary, thanks to the techniques of atomic force microscopy (AFM), it has
been possible to establish that they have thicknesses and heights in the nanometric range.
This experimental evidence that suggests to conceive the quantum rings as structures with
double connectivity. In this sense, these singular nanostructures constitute a unique scenario
for the study of quantum-mechanical phenomena such as Aharonov-Bohm oscillations [21],
persistent currents [22, 23] and Berry phase [24]. The real potential of QRs in relation to
other types of structures is due to their double connectivity, which broadens the possibili-
ties to tailor the few or many particle energy spectra through a systematic adjustment of
their geometry in combination with the presence of external fields such as electric, magnetic
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and hydrostatic pressure. To enhance this versatility, optionally it is possible to fabricate ar-
rangements of QRs stacked vertically in tandem, laterally coupled or concentrically arranged.
Consequently, the broad possibilities to tune the spectrum of charge carriers in QRs have
made them highly prospective structures as an elementary basis for diverse technological ap-
plications such as sources and photonic detectors [25], single-photon emitters, single-electron
transistors, nanoflash memories [26], qubits for spintronics and quantum computing, mag-
netic RAM memories, storage media among other devices [20].
The few-particles systems are a fundamental object of study in science, specifically in the
atomic, molecular and solid state physics. In the latter case, the study of few-particle systems
in semiconductor materials, is of great interest, since the electrical and optical properties for
technological purposes [27], are strongly dependent on the concentration and type of particles
in the material. In order to carry out an accurate description of these systems, it is neces-
sary to include potentials interaction among particles, which makes it practically impossible
to obtain an exact solution of the many-particle Schrödinger equation. Consequently, it
is necessary to resort to approximate methods among which can be mentioned, variational
principles [28, 29, 30], Matrix Diagonalization Schemes [31], Hartree-Fock [32, 31], Density
Functional Theory [32], Quantum Monte Carlo [33], Finite Elements Method [34], among
others. The theoretical study of few- particles systems is absolutely important because it al-
lows to investigate in a elementary way the role of the correlation effects and their real impact
on the energy structure and the transport properties. In addition, it is possible to expose
certain general properties which are also characteristic of many-particle systems. In recent
years, the interest for few-particle quantum systems confined in doubly-connected structures
problems has been boosted as a result of the experimental realization of QRs. The central
idea of confining particles in QRs, is the achievement of their motion restriction in the three
directions, which increases significantly the system energy due to the enhancement of the
Coulombian interactions by effect of the greater rapprochement among the particles. This
important fact has allowed the experimental observation at room temperature of different
types of few-particle systems [35, 36, 37], which are almost impossible to observe in bulk
semiconductors since at room temperature the thermal energy exceeds the ionization energy
and therefore the systems become very unstable.
The first QR obtained experimentally was achieved by Lorke and co-workers [9, 35] by using
self-assembling techniques. The grown QRs were characterized by having inner and outer
radii whose dimensions varied between 10-20 nm and 30-70 nm respectively, while the QRs
height did not exceed the 2-6 nm. In Fig.1.1 (a) can be appreciated a set of QRs whose
morphology has been analyzed via atomic force microscopy (AFM). Since the QR height is
small, some authors have assumed the QRs as two-dimensional systems [38, 39]; even others
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have considered the simplest case, assuming the QRs as if they were strictly one-dimensional
systems [40, 41]. It is important point out that there are not many theoretical contributions in
the scientific literature where QRs with non-uniform morphologies are considered, as shown
in 1.1 (b), where it can be appreciated that the height of the ring changes with the distance
to the center of the cavity (about 120 nm). Also is very noticeable that the ring thickness
is anisotropic and that the QRs surface exhibit small irregularities or rugosities giving a
modulation effect of the heights distribution. Since, the height profile does not present
orbital symmetry, one can sweep different profiles in different directions (curves in black and
red) on the QR plane. Other experimental works have reported the same observations in
the references [42, 43].
Figure 1.1: a) AFM micrography with a set of self-assembled QRs [1]. b) QR heights profile in
two different directions [2]. AFM micrographies with QRs (c) vertically coupled [3] and (d) grown
concentrically [4].
The discovery of QRs has inspired the realization of several theoretical studies [44, 45, 46, 47],
being of great interest those related to magnetic effects, since they allow to establish the ex-
istence of ground state induced transitions. Initially, motivated by the simplicity of the
physical-mathematical model and the significant reduction of the energy spectrum computa-
tion time, some authors have considered uniform QRs [48, 49]. In single-ring structures, the
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simplest systems to analyze can be single electrons or neutral donors. The spectrum of these
systems in uniform rings has been analyzed using the matrix diagonalization method [31] and
the variational method with the adiabatic approximation [50]. The results show that the en-
ergy spectrum is strongly dependent on the size of the ring and the position of the impurities.
The adiabatic approximation has also been implemented to analyze few-particle systems such
as two electrons or a hole-electron pair, when they are confined in a single ring or when they
are spatially separated into two uniform vertically coupled [41], laterally coupled [21] o con-
centric [51, 52] QRs (see Fig. 1.1 (a,c,d), respectively). These types of double ring systems
have already been reported experimentally [36, 53, 54, 55] and the theoretical study of their
energy spectrum is still subject of intense research [51, 56, 57, 58, 59, 60, 61, 62, 23, 63, 64].
The importance of these systems lies in the possibility of analyzing the multiple correla-
tion effects between few particles under conditions of strong confinement in QRs, since their
properties when operating in a quantum regime, are strongly dependent on the number and
type of particles, morphology, size and inter-rings distance in case of being coupled, growth
parameters such as the composition of the semiconductor materials used in the QRs man-
ufacturing, external fields (electric, magnetic and hidrostatic pressure fields), as well as the
temperature of the sample. For these reasons, this work is aimed to establish the incidence of
these morphological, growth and physical parameters on the energy spectrum of few-particle
systems, specially single-electron, two-electron, D0, D+2 , D− and D02 systems in uniform and
non-uniform QRs under the presence of external fields. For this purpose, we will consider
self-assembled QRs with structural defects, particularly protuberances, whose distribution,
size and shape can be adjusted through geometric parameters. In addition, the non-uniform
QRs model that will be presented in the next section is general and versatile, since by a
careful control of the geometric parameters, the results of other simpler cases can be repro-
duced as one and two-dimensional systems, which can be analyzed as limit cases allowing
to establish the quality of our results. In this sense, the proposed model in this thesis is
intrinsically more general than the models analyzed in other works.
In the following sections it will be presented the model proposed in the study of QRs, enclosed
with some definitions of geometrical parameters and a brief explanation of the adiabatic
approximation algorithm of the eigenvalue problem determined by the Hamiltonian in the
adiabatic regime, which it is applied to the studied systems in subsequent chapters. The
adiabatic approximation is treated in more detail in Refs. [65, 29, 30, 11, 28]. Finally, it is
briefly mentioned some important computational tools to be used in the analyzed systems
throughout the document.
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1.1 Model and Computational Tools
In the present work, it will be modeled N-particle systems confined in self-assembled semi-
conductors QRs. The N-index is related to the number of particles being considered, taking
the values of 1 and 2 for the cases of one and two-particle systems in that order. The
ring-shaped confinement potential is formed as a consequence of the energy gap difference
between the two component materials which the quantum dot is made of (see Ref. [11]), and
will be considered equal to zero and infinite inside and outside of the QRs, respectively.
It will be shown thorough the subsequent chapters that the vertically coupled QRs model
with different radii is a general case, that allows to study other systems as limiting cases,
when a cautious adjusting of geometrical parameters such as the ring radii ratio or the inter-
ring distance is done. For instance, the two-particle system confined in one single ring, is
expected to be obtained as a limiting case as the inter-ring distance tends to zero between
two vertically coupled QRs with same radii and confining one particle separately. It is worth-
while to mention when a single particle is studied in a double ring system, we shall have
basically a one-particle system constrained to move only into a single QR, since the potential
confinement is infinite outside the ring and it would hamper the particle to tunnel to the
other ring.
This versatile model allows to show the strong dependence of the energy spectrum on the
rings geometry, and also explains the interplay between some geometrical parameters and the
behavior of physical phenomena such as the Stark and Aharonov-Bohm effects [29], which
the latter is a clear evidence of the vector potential influence on these kinds of heterostruc-
tures. This amazing phenomenon in a two-electron semiconductor QR for instance, becomes
apparent as the oscillatory and periodic spin-shift related to the ground state, giving rise
to transitions in the sequence singlet-triplet-singlet as the magnetic field strength is increased.
On the computational side, one of the advantages offered by versatile models in physics, is
to facilitate some development tasks, such as writing encapsulated source code, performing
efficiently debugging processes and detecting errors and exceptions. In this sense, to be
successful in numerical modeling of physical systems, it is fundamental to find the more
convenient and proper way to represent the system in the build source code [66].
In the next section it will be presented the system Hamiltonian of two particles confined
in two vertically coupled rings which are placed in two parallel planes. This Hamiltonian
written in such general form will allow to study the size and shape effects on the eigenstates
and the Aharonov-Bohm oscillations. Additionally, since the model is versatile enough, it is
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possible to analyze other systems with reduced dimension such as one-dimensional rings and
flat rings (useful to compare our results with other authors). Particularly, as a special case
in the last chapter, it was analyzed in detailed the hydrogenic non-uniform nanostrips, which
are interesting two-dimensional nanostructures that are being fabricated nowadays [67, 68].
1.2 The System Hamiltonian
The model implemented in this thesis to carry out the description of the dynamics of few-
particle systems strongly confined in semiconductors QRs, is based on the framework of
the effective mass approximation. The more general system considers two charge carriers
restricted to move within a single ring or two vertically coupled QRs and which are electro-
statically linked to two Coulomb centers. In case the two carriers correspond to two electrons
and the Coulomb centers to two positive charges, this system can be related to a molecular
two-hydrogenic complex or D02.
The Hamiltonian that describes this system in the presence of a homogeneous magnetic field1
~B oriented along the direction of growth (rotation axis of the system), of an electric field ~E
normal to the magnetic field and under the influence of a field of hydrostatic pressure, can
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ε(P, T, x)|~rj − ~ζk|
+ Vj(ρj, zj, ϕj) + |e|Fρ cos(ϕj)
(1.2)
The symbols ~rj and ~ζj with N = 1, 2 represent the position vectors of the charge carriers
and the Coulomb centers, respectively. m∗j(P, T, x) and ε(P, T, x) correspond to the effective
1A Coulomb Gauge of the form ~̂A = − 12~rj × ~B, with j = 1, 2 was assumed in this work.
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masses of the carriers and the static dielectric constant of the QRs materials which are de-
pendent on the pressure P , the in situ temperature T and the concentration x of the dopant
material. In order to take into account different types of particles in the model, it has been
introduced the artificial parameters τj which takes the value of +1 for a hole and −1 for
an electron. To provide versatility to the two-particle Hamiltonian, the artificial parameters
ηk have been defined which by assigning them null values, allow to reduce the number of
Coulomb centers present in the system. In this thesis was carried out with special interest, a
study of the effect of the electric field on single-electron systems, the artificial atom D0 and
the molecular complex D+2 .
The solution scheme of the eigenvalue problem imposed by the Hamiltonian (1.1) proposes
firstly, to perform a categorization of the coordinates according to the speed of motion
related to each one of them. Once the coordinates have been classified, it is possible perform
a separation analysis by implementing the adiabatic approximation [20, 31] in association
with functional derivation techniques. This procedure leads to find two-dimensional effective
potentials involved in the description of the rotational motion of the carriers. Keeping in
mind one of the most remarkable observations of the morphological characteristics of a QR
[35, 9], which establishes that its height is much smaller than its lateral dimensions, it is
possible to affirm that the motion of the particles in z direction is faster than lateral motion.
In consequence, to implement the adiabatic approximation efficiently, it is appropriate to
write the two-particle wave function in the following way:
Ψ(~r1, ~r2) = f1(ρ1, z1)f2(ρ2, z2)Φ(~ρ1, ~ρ2) (1.3)
Being fj(ρj, zj) with j = 1, 2 the solutions of the one-dimensional Schrödinger equations
corresponding to the motion of each particle in the z direction for the ground state, assum-
ing that the motion in the orbital direction is temporarily "frozen" (this is, ρ1 and ρ2 are
introduced as parameters). The envelope function Φ(~ρ1, ~ρ2) describes the motion of two par-
ticles in the lateral direction after "defrosting" the motion in the radial direction. Starting
from Schrödinger’s variational principle [69] and considering to Φ(~ρ1, ~ρ2) as a test function,
one can find a new two-dimensional differential wave equation for this function. In this
calculation, a confining two-dimensional effective potential is obtained naturally. Once this
new wave equation for the two particles confined in the "two-dimensional QR" with effec-
tive potential is found, all single-particle wave functions ψs(~ρ) can be obtained by numerical
techniques such as the trigonometric sweep method [70] (the center-of-mass and the relative
coordinates are useful in most situations). The two-dimensional two-particle wave function
of the discrete spectrum (taking into account that the set of functions ψs(~ρ) form a complete






Where the coefficients of the expansion are found through the exact diagonalization method.
By using the equations (1.3) and (1.4) it was developed a new theoretical approach to the
problem of few particles confined in self-assembled QRs.
In the following section will be presented the three-dimensional sketches of some geometrical
definitions of the QRs systems that are crucial in the model and will be used extensively in
the subsequent chapters.
1.2.1 Geometry of the Quantum Rings Systems
An important aspect to bear in mind is the relative geometrical disposition of the rings and
their morphological characteristics. With the aim of studying the influence on the energy
spectrum by the Cross-section CS geometry, in this work will be consider three different CS
morphologies (circular, rectangular and square) for the case of uniform QRs. For comparison
purposes the square and circular CS were taken with same area and equal to πR2t , where
the circular CS has a radius Rt and the square one has side h =
√
πRt. In order to analyze
asymmetric situations the rectangular CS has been taken with height l and adjustable width
w (see Fig. 1.2(a)).
For each ring individually, it is introduced the centre-line or mean radius, defined as a cir-
cumference with origin located on the symmetry axis and passing thorough the CS centroid.
The centre-lines have radii R1 = R and R2 = αR for lower and upper ring respectively. The
inter-ring distance will be denoted by d = βR and its value coincides with the distance be-
tween the parallel planes which contains the centre-lines (see Fig. 1.2(b)). The R parameter
will be defined as the half the sum of the outer (Rout) and inner (Rin) ring radii (see Fig.
1.2(c)), α as the ratio between the upper and lower ring centre-line radii and β as the ratio











The QRs in the present work can be placed with a specific radii ratio and interring distance,
thus defining the following cases, vertically coupled QRs of equal radii (α = 1, d 6= 0), con-
centric rings (α 6= 1, d = 0) and vertically coupled QRs with different radii (α 6= 1, d 6= 0)
that is the most general case capable to reproduce the two first situations (Figs. 1.2(d),
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Figure 1.2: Three different CS geometries (a). The most general case considers two rings
vertically coupled with different radii (b). Schematic image showing the centre-line radius
R (c). TQRs confining negative charge carriers in three cases of interest, vertically coupled
with equal radii(d), concentric (e) and vertically coupled with different radii(f).
1.2(e), 1.2(f) respectively).
The relative particle-particle distance in vertically coupled QRs is an important geometrical
term since the Coulomb interaction depends explicitly on it. This distance can be written
in cylindrical coordinates as:
|~r2 − ~r1|2 = ρ21 + ρ22 − 2ρ1ρ2 cos(ϕ2 − ϕ1) + (z2 − z1)2 (1.6)
The particle vector positions respect to the system coordinate origin located at the lower
ring symmetry center as follows:
~r1 = ~R1(ϕ1) + ~ρt1(êt1); ~r2 = ~R2(ϕ2) + ~ρt2(êt2) +
~d (1.7)
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where ϕk is the angle that defines the direction of vector ~Rk over each centre-line, while the
two-dimensional vector ~ρtk identifies the particle position inside the each CS.
In Fig.1.3(a) are schematically represented the vector quantities introduced in Eqs.(1.7)
which allow to define a coordinate plane Xtk − Ztk (see Fig. 1.3(b)) on the ring CS, and its
origin is coincident with the CS centroid. The aim of such transformation is to describe in a
simplest way the particle motion along the CS using the well known adiabatic approximation.
Figure 1.3: Redefinition of particles vector positions (a) and the Xtk − Ztk plane on the
CS (b). It is worthwhile to notice this cartesian-like coordinate system is useful to analyze
rectangular CSs while a polar transformation on this plane is needed to study circular CSs.
In order to explore more realistic situations, we will consider QRs with non-uniform profiles
(see Fig. 1.4 (a)) which offer a null potential confinement within the QR and∞ outside of it.
The regions where the potential is null, are mathematically defined in cylindrical coordinates
as Rint(ϕ) < ρ < Rext(ϕ) and 0 < z < h(ρ, ϕ), where h(ρ, ϕ) is the function that describes
the distribution of QR heights in the radial and orbital direction. Varying the type of the
function h(ρ, ϕ) different geometric forms of the QR are obtained.
The structural defects distribution was initially proposed be modeled by using Poincaré func-
tions of the form f(ϕ) = f0
√
1− α(1− cos(mϕ)), which allow to control the protuberances
number thorough the m parameter, their amplitude by means of α and location respect
a central line with radius f0 (see Fig. 1.4(b)). These functions were used to explore the
effect due to the non-uniformities of the height distribution on the energy spectrum of a few-
particle tubular nano-strip (see related papers on chapter 5). In this case the f0 parameter
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Figure 1.4: a) 3D scheme of QR with inner radius Rint(ϕ), outer radius Rext(ϕ) and height
h(ρ, ϕ). (b) Proposed function for modelling the structural defects distribution.
corresponds to the height of an uniform tubular nano-strip, which is modulated by m pro-
tuberances with adjustable amplitudes thorough the α parameter. Since QRs exhibit other
height and width distributions (see Fig.1.1(b) for instance), it was explored their structural
defects distribution by using Gaussian functions (see paper in chapter 4).
In order to solve the proposed systems, it is necessary to define an algorithm based on
the adiabatic approximation and it is treated in some detail in the following subsection.
1.3 Adiabatic Approximation Algorithm
The quantum mechanical description of many-particle systems has generated a great deal
of attention in computer science, physics, chemistry among other disciplines. Unfortunately,
finding exact stationary solutions of Schrödinger equation for such systems is virtually im-
possible. For instance, a diatomic molecule defines a very complex quantum mechanical
system that involves two nuclei in motion and their surrounding electrons, and thus an ap-
proximate method to simplify the calculus of eigenstates and eigenenergies would be really
useful.
The Born-Oppenheimer approximation [65] suggests that bearing in mind the fact that the
mass of the electrons is much smaller than nuclei masses, then is possible to analyze the
electrons and nuclei motions separately. The method begins neglecting the nuclei kinetic
energy temporally and the system Hamiltonian is solved for a fixed nucleus-nucleus distance
r. Next, from the set of eigenenergies obtained for this particular value of r, the ground state
energy E0 is taken and stored. The process continues similarly for different nucleus-nucleus
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separations, in such a way that finally the basal eigenenergy E0(r) can be build (at least
numerically) as an explicit function of r (often referred as the potential energy surface (PES)
[71]). The last step consists in including the E0(r) function as a confinement potential in
the nuclei system Hamiltonian, and its solution leads to the eigenstates and eigenenergies of
the diatomic molecule2.
The first step represents the fact that the ground state remains as the state of the sys-
tem for any nucleus-nucleus distance, emphasizing that r varies slowly as consequence of
the nuclei masses. Physically this situation could be interpreted as if the electrons "follows
adiabatically" the nuclei motion. In quantum mechanical terms, it means, that the system
wavefunction adapts itself instantaneously to small changes of r.
In our particular case, the adiabatic approximation algorithm is established in the following
steps in order to calculate the few-particle QR eigenstates:
1. Defining the QRs profile thorough the functions Rint(ϕ), Rext(ϕ), and h(ρ, ϕ).
2. Since the two-particle wave function has 6 degrees of freedom (z1, z2, ~ρ1, ~ρ2), in or-
der to separate the variables (z1, z2) we choose the trial function (1.3) and by min-
imazing the functional F [Φ] = 〈f1f2Φ|Ĥ − E|f1f2Φ〉 according to the Schrödinger
variational principle[69], we find the differential equation for Φ(~ρ1, ~ρ2) (a Hamiltonian
Ĥ2D), containing the confinement potentials and particle-particle interactions in a two-
dimensional space. The mathematical method at this point is similar to that used in
Ref. [72] about the fractal dimension method.
3. The solution of this latter equation is in the form of expansion(1.4), where the co-
efficients of the expansion are unknown, which according to Schrödinger’s variational
principle are chosen in such a way that the functional F [Φ] = 〈Φ|Ĥ2D−E|Φ〉 , presents
a minimum. This procedure leads to a secular equation that allows us to find the en-
ergy levels as eigenvalues of matrix and the coefficients of the expansion (1.4) as their
eigenvectors.
Finally, in the following section will be described briefly the methods and the computational
tools used for solving the systems to be exposed in the subsequent chapters.
2The experimental data obtained for many quantum mechanical systems in the adiabatic regime, are in
good agreement with the developed theory. In this sense, the Born-Oppenhaimer also named as the adiabatic
approximation, constitutes a valid approximate solution method in quantum mechanics [29, 65].
1. Introduction 14
1.4 Numerical methods and computational tools
With the advent of computing technology, nowadays are available many programming envi-
ronments offering different advantages, such as the possibility of creating modular programs
and reusable source code3, platform-independent4, multithreaded5 among others [73]. The
crucial point here, is selecting an adequate environment to run efficiently numerical calcula-
tions in sequential steps using the less machine resources as possible (although for example,
the modern technology processors can perform complex calculations efficiently, almost inde-
pendently on the number of double precision variables used in the program). By this reason
FORTRAN is an ideal environment according to this purpose, and the main advantage is
there is a considerable amount of powerful scientific oriented software, programs and sub-
routines available for which there is no equivalent in a modern language.
The numerical analysis involved in this work, implemented the SPLINE6 and QUANC87 sub-
routines in order to perform numerical interpolation and integration procedures, respectively
[74]. Additionally was imported the BESSELIB library, that provides Bessel-type functions
and their derivatives useful in the QRs with circular CS analysis. Finally, in order to solve
eigenvalue problems, it was implemented a more complex program that performs a numerical
method receiving the name of trigonometric sweep method [75], which was written in FOR-
TRAN77 and has been successfully used in several theoretical works [41, 50]. In Appendix
A is explained this method in some detail focusing on some important characteristics of QRs
systems.
In the following chapter it is presented a set of two-electron systems confined to move into
strict one-dimensional rings, thus the system Hamiltonian is simplest to solve and there is no
need to implement an approximate method, by this reason they are often called quasi-exactly
solvable systems.
3These concepts are often implemented in the oriented object programming environments, allowing to
write very compact source code and subsequently reuse it, creating objects from it
4Property that allows to run the same program on different systems and machines.
5Capability of performing several tasks simultaneously within a main program.
6The spline method is an interpolation procedure where a function is fitted using piecewise polynomials
called splines
7The Quanc8 method is a numerical integration technique whose name is derived from quadrature adaptive
Newton-Cotes’s 8 panel. The Newton-Cotes formulas are a family of quadrature rules that are obtained by
integrating interpolated polynomials over equally spaced evaluation points.
Chapter 2
Hydrostatic pressure effects on the e−,
D0 and D+2 systems
Motivated by measurements of low-temperature photoluminescence spectra performed in
GaAs/AlxGa1−xAs and InxGa1−xAs/GaAs heterostructures under hydrostatic pressure [76,
77], we addressed the study of the molecular complex D+2 confined in ring-like nanostructures
under the presence of external probes such as electric, magnetic and hydrostatic pressure
fields. The D+2 is an interesting physical system compound by a conduction band electron
bounded to two fixed positive charge centers, particularly in our computational model, their
locations are modifiable. In this sense, by moving away enough one of the charge centers, its
interactions with the electron and another one charge center become negligible. In this point
the physical system has been reduced to D0 + D+, where the electron is still trapped into
the QR. If one moves away the remaining charge center, one obtains a bare electron confined
into a QR. This versatility of the model allows to compare our results with those obtained by
other authors. It was observed an excellent agreement and thus, we can conclude indirectly
that our results are exact and consistent.
In the contribution entitled: "Essential properties of a D+2 molecular complex confined in
ring-like nanostructures under external probes: Magnetic field and hydrostatic pressure" [78],
the low-lying D+2 energy states as a function of the donor positions for different ring center-
lines are analyzed. In addition, the D+2 energies as a function of the applied magnetic
field and various values of applied hydrostatic strength were calculated. The complementary
work: "D+2 Molecular Complex in Ring-Like Nanostructures: Hydrostatic Pressure and Elec-
tromagnetic Field Effects" [79] analyzes the effective potential energy as a function of the
electron in-plane angular coordinate for different values of the applied electric field. Finally,
the paper: "Estados Energéticos de un D+2 confinado en un anillo cuántico semiconductor"
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[80] focuses the study on important molecular parameters such as the equilibrium length,
the dissociation energy and the turning point as a function of the QR geometry and external
fields.
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Dissociation energya b s t r a c t
A rigorous adiabatic approximation is used to investigate the
energy states of the singly ionized double-donors Dþ2 complex
formed by the coupling of a conduction band electron and two
donor centers in a quantum ring with rectangular cross-section.
The effects of changing the relative position between the Coulom-
bic centers and the quantum ring geometry parameters, as well as
the influence of external probes such as applied magnetic fields
and hydrostatic pressure, are particularly studied, highlighting
the important contribution of the repulsive inter-center interac-
tion. The suppression of the Aharonov–Bohm ground state oscilla-
tions associated with the localization of the electron by the fixed
donors is discussed. Comparison between the essential properties
of an actual hydrogen ion Hþ2 and those of the D
þ
2 complex trapped
within a quantum ring shows that the strong electron confinement
substantially increases the Dþ2 stability effects.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In the last few years, ring-shaped nanostructures based on semiconductor materials have been a
subject of both experimental and theoretical researches [1–8]. In this context, the rapid development
208 M. R-Fulla et al. / Superlattices and Microstructures 67 (2014) 207–220of quantum rings (QRs) fabrication technologies has triggered a strong interest on these nanosystems
due to the possibility of designing novel devices that combine optical and electronic properties [6,7]
with prospective applications in the opto-electronic industry and, particularly, in the field of quantum
computing [8].
The existence of an axially symmetric cavity inside a QR gives rise to some particular features of the
electronic properties which otherwise are impossible to achieve in other kinds of nanostructures. This
fact, allows us to study interesting quantum interference effects associated with the singular topology
of a QR. When an electron is forced to move inside a very narrow QR; under the influence of growth-
direction applied magnetic field, and in absence of any type of inelastic scattering, it is possible to ob-
serve the presence of phenomena such like persistent currents [9] and the so-called Aharanov–Bohm
(AB) oscillations [9,10]. The variations in QR’s geometrical parameters tend to substantially modify the
AB oscillation patterns. For instance, a significant shift of the energy levels occurs as a consequence of
the existence of roughness in QRs surfaces [11]. Moreover, it is a fact that the AB oscillations do not
have a well-defined period in the case of elliptic QRs [12]. In this regard, there are reports on the
quenching of these AB oscillations when the homogeneity of the QRs cross-section is slightly distorted
[13–15]. On the other hand, localized eigenstates appear at regions where the QRs have a maximum in
curvature [16].
It is well known that the doping with acceptor or donor impurities in semiconductor nanostruc-
tures largely affects the electro-optical and kinetic properties of charge carriers. Particularly, the pres-
ence of hydrogenic-like impurity centers can increase the conductivity in several orders of magnitude
– a fact in which the application of external magnetic field has an important influence. For this reason,
a great deal of attention has been focused on the donor energy structure problem due to its potential
application in practical spintronic devices. In this context, there has been a wide investigation on con-
fined hydrogenic donor impurity properties in quantum dots [17–22].
According to the unique structural properties of a QR, related with the high value of the ratio be-
tween its centerline radius and its height [1]; several authors have analyzed the effects of the variation
of the geometrical parameters and the application of a magnetic field on the neutral donor energy
structure. This has been particularly considered in the case of a two dimensional QR [23–25]. How-
ever, more realistic studies have taken into account the effect of QR’s height on the electronic states.
In this connection, Bruno-Alfonso and Latgé [17] analyzed the off-center magneto donor impurity en-
ergy levels by using a variational approach. The results have shown that the presence of a non-uniform
curvature of the QR’s centerline yields a modification in the AB pattern of oscillations, in comparison
with the so-called one-dimensional QR; but these changes can be attenuated by means of suitable
variations of the QR’s width. Variational calculations performed by Wang and Zhang [20] for off-axis
neutral donors in GaAs-Ga1xAlx As QRs have shown that the ground state binding energy is strongly
dependent on the donor atom position, the Al concentration, and the ring dimensions: outer and inner
radii, width, and height.
The measurement of low-temperature photoluminescence spectra in InAs quantum dots (QDs) un-
der hydrostatic pressure [26,27] have motivated several theoretical studies on the pressure-induced
features of the energy spectra of charge carriers and donors confined in different semiconductor nano-
structures. This is because the application of hydrostatic pressure leads to modifications of the bulk
carrier energy structure, thus allowing the understanding of some optical properties in these low
dimensional systems. By applying a variational method, Barseghyan et al. [28,29] have investigated
the influence of electric and magnetic fields as well as the effects of hydrostatic pressure on the neu-
tral donor binding energy in InAs Pöschl-Teller QRs. Their results show that the binding energy
strongly depends on the external field intensities, and the impurity binding energy behaves as an
increasing/decreasing function of the inner/outer radius of the QR nanostructure. The hydrostatic
pressure effects on an electron in double concentric QR were also addressed by Culchac et al. [30].
They found that the energies of the ground and excited electronic states decrease with the applied
hydrostatic pressure because the confining potential barrier undergoes an effective reduction.
Most theoretical studies on hydrogenic donors confined in QRs have been carried out by using
numerical calculations based on the variational method [17,26,28,29]. However, one may also find
works in which other complementary approaches have been used in order to compute neutral and
ionized donor energy properties in QRs. Some of them apply a rigorous adiabatic approximation, look-
M. R-Fulla et al. / Superlattices and Microstructures 67 (2014) 207–220 209ing for effective solutions of the Schrödinger-like effective mass problem [18,19,21,22,38–41]. On one
hand, Fomin and co-workers [38–41] analyzed theoretically the energy structure and magnetization of
one and two electrons in strained InxGa1xAs=GaAs ring-like nanostructure by considering adiabatic
approximation taking into account, the quantum ring profile inferred from the cross-sectional scan-
ning-tunneling microscopy characterization results. On the other hand, Monozon and Schmelcher
[19] analyzed the behavior of a neutral donor impurity positioned in a QR considering a rectangular
cross-section under the combined effects of an axially directed magnetic field and a radially directed
electric fields. The paper demonstrates that the greater are the confinement and the magnetic field
strength, the larger is the donor binding energy. Their results also showed that the binding energy
exhibits a maximum when the impurity center locates at the mid-plane that lies perpendicular to
the QR symmetry axis. Additionally, on-axis hydrogen-like molecular system, D02, in very narrow toroi-
dal QRs has been analyzed under the presence of a magnetic field [21,22]. The results show that AB
oscillation period strongly depends on the value of the centerline radius, whilst it is only slightly mod-
ified by the change of the QR cross-section size. Furthermore, the authors also analyzed the possibility
to generate artificial hydrogenic molecular complexes in QRs whose essential features (equilibrium
length and dissociation energy) are significantly different from the real hydrogen molecule.
Recently, several authors have shown a special interest on another kind of molecular complex con-
fined in semiconductor nanostructures: the Dþ2 one [18,22,31–35]. Preliminary results on D
þ
2 energy
structure in spherical quantum dots [8,31] leaving aside the donor-donor coulomb interaction, have
demonstrated that the quantum confinement can lead to pretty large energy separations between
the two lowest-lying electron states and other excited states, favoring the identification of the qua-
si-two-level system required for quantum computation purposes. Two well defined and separated
lowest-lying energy states, positioned at different donor centers, are required for the practical reali-
zation of charge qubits for quantum computer architecture. The quantum confinement is much great-
er in QRs than in spherical QDs, which can greatly enhance the energy differences between two lowest
energy levels and, at the same time, there is an increase in the electron localization. These conditions
suggest that the Dþ2 complex in QRs could be a better option to obtain charge qubits than the same
system in spherical quantum dots. Different reasons can be given to explain the above affirmation. Be-
sides, the crystal-growth technique for the fabrication of quantum rings is well developed, whereas
the possibilities to fabricate semiconductor spherically-shaped QDs are actual very scarce.
Although several theoretical studies to determine the Dþ2 opto-electronical properties in spherical
QDs have been already put forward, only few reports have dealt with the peculiarities of the Dþ2 energy
spectrum in QRs. Stimulated by such a status quo, and by the possibility of presenting a suitable envi-
ronment for the generation of charge qubits, in the present work we undertake the investigation of
some electronic properties of an off-axis Dþ2 molecular complex confined within a QR, in presence
of externally applied magnetic field and hydrostatic pressure. In general, the calculations of Dþ2 energy
structure in spherical quantum dots [8,31], quantum rings [14,17,19] or quantum wells [35] have re-
quired a great mathematical and computational effort. Taking in mind these facts, in order to achieve
the goals mentioned above, we consider narrow nanorings with rectangular cross-section [14,17,19].
Although this morphology is slightly off the one considered in previous works [38–41], it is versatile
enough to obtain the molecular basic Dþ2 essential features under strong confinement conditions.
Using a rigorous adiabatic approximation, we address in detail the influence of hydrostatic pressure
and magnetic field on the Dþ2 salient features (equilibrium length and dissociation energy), as well
as the effect of the donor position on the corresponding localized electron states. The structure of this
work is as follows. In Section 2, we obtain the basic formulae from the Dþ2 Hamiltonian in the frame-
work of the adiabatic approximation. Section 3 presents the results and discussion. Finally, we sum-
marize the conclusions of our work at the end of the article.2. Theoretical framework
We consider a single toroidal QR engendered by revolving around the z-axis a rectangle of height L
and width W. The QR’s rectangular cross-section and the z-axis are taken to lie on the same plane. The
QR is limited by two cylindrical surfaces with inner radius, RI , and outer radius, RO, respectively. The
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These two off-center Coulomb impurities are electrostatically bound to an electron, forced to move
inside the QR; i.e., the chosen model corresponds to a hard-wall confinement potential. Fig. 1 shows
a schematic picture of the model system.
In the effective-mass approximation, we write the Schrödinger equation of the Dþ2 complex –that
takes into account the effects of hydrostatic pressure ðPÞ and in-growth-direction magnetic field,





































Wðq;u;zÞ¼ EðgÞ Wðq;u;zÞ; ð1Þwhere in accordance with the scheme of Fig. 1, j~r ~njj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ n2j  2 q nj cosðuujÞ þ z2
q
are the




2  2 n1 n2 cosðu2 u1Þ
q
is the distance between
the two impurity centers. Our assumption considers the confinement potential Vcðq;u; zÞ to be zero
and infinite inside and outside the QR, respectively. The model also contains an artificial parameter,
g, in order to analyze the Dþ2 energy structure by including (g ¼ 1) or leaving aside (g ¼ 0) the impu-
rity-impurity interaction. The effects of the applied hydrostatic pressure on the structure reflect on the
pressure functional dependence on the QR dimensions (height, LðPÞ , inner and outer radii RI;OðPÞ) and
the impurity radial positions (njðPÞ). Then, we take [29,36]:LðPÞ ¼ Lð0Þ½1 ðS11 þ 2 S12ÞP; ð2Þ
RI;OðPÞ ¼ RI;Oð0Þ½1 ðS11 þ 2 S12ÞP1=2; ð3Þ
njðPÞ ¼ njð0Þ½1 ðS11 þ 2 S12ÞP1=2; ð4Þwith Lð0Þ and RI;Oð0Þrepresenting the QR’s height, and inner and outer radii without applied pressure,
respectively. Furthermore, S11 and S12 are the GaAs compliance constants [37].
Bearing in mind that the application of a hydrostatic pressure affects the electronic structure of the
host material as well, –leading, for instance, to a renormalization of the conduction band energy at the
C-point of symmetry– [29,30,36], it is also necessary to write the electron effective mass and the static











eðPÞ ¼ 12:74 exp½16:7 104P  6:7 103; ð6Þwhere m0 is the free electron mass and E
C
g is the pressure-dependent GaAs energy bandgap in units of
meV;ECg ðPÞ ¼ 1519:4þ 10:7P: ð7ÞFig. 1. Schematic 3D diagram of molecular complex with electron confined in toroid-like QR.
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ing parameters appearing in the above equations are according to Refs. [36,37]: S11 ¼ 1:16 103 kbar1,
S12 ¼ 3:7 104 kbar1, P2 ¼ 28;900 meV, D0 ¼ 341 meV, and dm ¼ 3:935.
Looking for obtaining the molecular energy structure from solving the corresponding Schrödinger
Eq.(1), one encounters that the attractive impurity-electron Coulomb interaction makes very hard to
find an exact solution. Therefore, approach must be implemented but without leaving aside the struc-
tural measurements realized on quantum rings. The experimental results have shown that the realistic
InGaAs QR structure [1,41] presents a reduced height between 1 nm and 2 nm, outer diameter ranging
between 60 nm and 140 nm and average inner diameter around 30 nm. In this regard, and according
to some experimental results [1,41], it is a fact that a realistic self-assembled InGaAs QRs are charac-
terized by a very small height-to-centerline-radius aspect ratio; that is, L=RC ¼ L=½0:5ðRI þ ROÞ  1.
Found on the above mentioned experimental data and according to the model displayed in Fig. 1,
we can order the characteristic narrow QR geometrical parameters as follows: L < W < RC with the
purpose to categorize the contributions made by each term that makes up the kinetic energy in the
Hamiltonian (1). In this sense, an approximated calculation based on uncertainty principle allows to
establish that the electron kinetic energies in z-direction (Ez), radial direction (Eq), and the orbital
one (Eu), are proportionally to 1=L
2;1=W2 , and , 1=R2C respectively. By considering realistic data
[1,41] (L  1:5 nm, W  15 nm, and RC  50 nm) we obtain Ez  100Eq  1100Eu. With this fact in
mind, it is possible to carry out a numerical procedure based on the so-called adiabatic approximation
(AA) [18]. This allows us to decouple the rapid electron motion in z-direction from the –slower– elec-
tron in-plane motion within the QR. In consequence, we initially adopt a proposal for the three-dimen-
sional wave function, solution of the Schrodinger Eq. (1), in the form [18]:Wðq;u; zÞ ¼ 1ffiffiffiqp f zðq; zÞ Hðq;uÞ; ð8Þ
and then we solve the resulting 1D Schrödinger equation along the z-direction in order to find the cor-
responding eigenfunctions, fzðq; zÞ, and their corresponding energies, EzðqÞ, by temporarily assuming q



















: ð9ÞThe description of the in-plane electron motion (z = constant) considers a two-dimensional function,
Hðq;uÞ, obtained from the application of the Schrödinger’s variational principle, (F½H ¼ hW
jH  EjWi ! min). By taking the functional derivative with respect to Hðq;uÞ we derive the following























¼ E Hðq;uÞ; ð10Þwhere UðqÞ and Vjðq;u; PÞ denote the effective two-dimensional potential and the renormalized














f 2z ðq; zÞdz
e1ðPÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ n2j  2qnj cosðuujÞ þ z2
q : ð12Þ
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sional Schrödinger’s Eq. (10) by restricting to the particular case of very narrow QRs:
W=RC ¼ ðR0  RIÞ=½0:5ðR0 þ RI  1. In addition, we shall perform a change of radial coordinates of
the form q ¼ Rc þ ~q (see Fig. 1). The renormalized radial coordinate takes values between W=2


























ð13Þprovided the conditions: H W2 ;u
 
¼ H W2 ;u
 
; Hð~q;0Þ ¼ Hð~q;2pÞ, and W2 < ~q < W2 , and 0 < u < 2p.
The first term in Eq. (13) is of the order of 1=W2, whilst the second one is of the order of 1=R2C . In
consequence, the radial electron motion is faster than the electron rotation around the z-axis. There-
fore, from the realistic QR dimensions one can infer that the Eq is approximately 11Eu. So, we can use,
again, the AA to decouple the rapid radial electron motion from the slow rotational electron motion
around the z-axis. By temporarily frozen the variable u, we have firstly to solve the equation that in-












gð~q;uÞ ¼ EðgÞR ðuÞgð~q;uÞ: ð14ÞIn this expression, EðgÞR ðuÞ is the renormalized energy. This energy is not only u-dependent, but also
may depend on the magnetic field, the donor impurity positions as well as the hydrostatic pressure.
Since the quantity u is treated as a parameter, the Eq. (14) which describes the molecular vibrational
effects requires a numerical solution in order to obtain EðgÞR ðuÞ and gð~q;uÞ. Then, we look for the in-
plane wave function solution in the formHð~q;uÞ ¼ gð~q;uÞ UðuÞ; ð15Þwhere UðuÞ describes the slow electron –rotation– motion around the z-axis and satisfies the bound-
ary condition UðpÞ ¼ UðpÞ. As it was previously done, the function UðuÞ can be calculated by using






gð~q;uÞ UðuÞ eHð~q;uÞ  EðgÞRh igð~q;uÞ UðuÞdu ! min ð16Þ





















According to the Eq. (17), the electron rotating around the z-axis feels an effective potential EðgÞR . This
fact makes possible to tune the electron energy spectrum in real time, because the EðgÞR depth could be
modified by changing the external fields applied on the nano-ring.
The one-dimensional Schrodinger Eq. (17) with azimuthal effective potential EðgÞR describes the
molecular rotation effects and it may be solved by using a series expansion in terms of the eigen-func-
tions of the orbital angular momentum operator as:UðuÞ ¼
XþN
m¼N
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Aðu; PÞ ei ðm0mÞ u du;






i ðm0mÞ u du: ð20ÞThe solution of the secular Eq. (19) allows us to obtain the energy eigenvalues E.3. Results and discussion
Looking to understand the dependence of the renormalized energy as a function of the external
probes and the position of the donor impurities, we have numerically solved the Eq. (14) for 100 dif-
ferent values of the angular position u since this N value allows to obtain energy variations less than
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Effective potential energy of the electron in a GaAs quantum ring complex as a function of the electron angular in-plane
for a fixed difference of the angular coordinates of the centers ðD/ ¼ pÞ. (a) and (c) correspond to the symmetric case
b) and (d) correspond to the non-symmetric one. In the first two Fig. 2(a) and (b), the donor-donor interaction was
ðg ¼ 0Þ; but its effect has been taking into account in Fig. 2(c) and (d) ðg ¼ 1Þ. Two values of the hydrostatic pressure
een considered: P ¼ 0 (solid lines) and P = 30 kbar (dashed lines). The results are for D/ ¼ p, L = 2 nm,
C ¼ 100 nm, and W ¼ 10 nm.
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L ¼ 2 nm, W ¼ 10 nm, and RC P 16 nm.
In Fig. 2 we show the calculated renormalized effective potential EðgÞR as a function of the electron
angular variable, taking into account a fixed difference of the centers’s angular coordinates:
D/ ¼ u2 u1 ¼ p. In addition, we have considered three different values of the first donor impurity
position, n1¼ 20; 50; 70 nm; with n2 ¼ n1 (Fig. 2(a), symmetric case) and n2 ¼ 0:9n1 (Fig. 2(b), non-
symmetric case). In these two cases, we have intentionally left aside the donor-donor interaction
(by setting g ¼ 0) guided by previous studies on the Dþ2 energy spectrum in different nanostructures
[8,31,33]. However, such an effect (g ¼ 1) has, indeed, been included in the results appearing in
Fig. 2(c) and (d) in order to determine the molecular Dþ2 essential features in QRs. For the moment,
we have not added the presence of a magnetic field in the calculation; but two values of hydrostatic
pressure: zero (solid lines) and P ¼ 30 kbar (dotted lines) were used.
It is possible noticing that the effect of a nonzero applied pressure is to lower the energy. This can
be explained as a combined result of the pressure-related reduction in the overall size of the system,
the increase of the electron effective mass and the fall in the dielectric constant. All this reflects in the
strengthening of the electrostatic coupling. One readily notices that as long as the donor atoms locate
farther from the potential wall of the inner QR (which means lower values of n1 and n2), the electron
localization becomes less pronounced due to the weakening of the electrostatic interaction. On the
other hand, the connection of the inter-donor repulsion which is merely an additional constant term
in the renormalized Hamiltonian leads, as expected, to a shifting upwards of the energy, weakening
the Coulombic coupling of the electron to the two Dþ2 fixed donors. This effect becomes reinforced
at nonzero pressure provided the rise in the strength of this repulsion associated with the size reduc-
tion and the decreasing of the dielectric constant. One may even observe that, in the cases of near-ori-
gin center positions or small D/ the effect of pressure brings the energy curve to values above the zero
pressure ones, for sufficiently large electron angular deviation. Up to our knowledge, this particular
pressure-related phenomenon has never been reported before in QRs.
The amplitudes of the minima of EðgÞR observed in the figures have the same depth as the impurities
are symmetrically located respect to the origin (Fig. 2(a) and (c)), and different depths when the posi-
tion of one of the impurities is closer to the origin than the other (Fig. 2(b) and (d)). The closer is the
impurity to the electron the greater is the their Coulomb interaction and the deeper is EðgÞR . So, the
reduction in the amplitude of the renormalized potential in the negative part of the horizontal axis
in the non-symmetric case, n2 < n1, relates with the increment in the effective electron-second-donor
distance, with the consequent decrease in the strength of the Coulomb attraction. Thus, as long as the
impurity centers locate closer to the origin the minima depths will become smaller. Hence, the impu-
rity position and –with a lesser impact– the hydrostatic pressure can be used as a tunable parameters
that make possible to modify the molecular rotational spectrum.
Insofar that the positions of the impurities approach the inner edge of the QR, the electron tends to
locate –with higher probability– at the neighborhood of the Coulombic centers. This results in the
destruction of the electron rotational invariance, and yields to a mix of rotational states with different
angular momenta. An analogous behavior is observed for electrons in QRs with structural distortions
[13–15] because, for larger QR widths, the geometrical potential term turns deeper. This reflects in a
higher localization of the electron states and in the suppression of the Aharonov–Bohm oscillations;
which will be more evident below when we calculate the dependence of total energy upon a magnetic
field.
In order to display the noticeable effect of the repulsive donor-donor Coulomb interaction on the
EðgÞR [Fig. 2(c) and (d)], we have considered five values of donor impurity position with n2 ¼ n1 [sym-
metric case, Fig. 2(c)] and n2 ¼ 0:9n1 [non-symmetric case, Fig. 2(d)]. As seen, the donor-donor inter-
action causes a shifting of the energy curves toward higher energy values, but not all the curves
undergo the same increase. For smaller values of the donor-donor separation, the repulsive Coulomb
interaction between donors will be stronger. For this reason, as long as the distance between centers
decreases, the curves for zero pressure and P ¼ 30 kbar tend to invert their positions along the energy
axis; because the application of hydrostatic pressure leads to an extra decreasing of the donor-donor
separation.
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strength strongly depend on the angular impurity positions, through the renormalized impurity-elec-
tron Coulomb interactions. The features of EðgÞR can be tuned by choosing suitable values of u1 and u2.
This can be noticed by observing Fig. 3. There, we have plotted EðgÞR as a function of the angular electron
positionu for four different values of the angular dependence D/ ¼ u2 u1 (D/ ¼ p=4; p=2; 3p=4; p),
values of the donor center radial positions in the symmetric [n1 ¼ n2 ¼ 50 nm, Fig. 3(a) and (c)] and non-
symmetric configurations [n1 ¼ 70 nm and n2 ¼ 50 nm, Fig. 3(b)–(d)]. In the upper panels (Fig. 3(a) and
(b)) the donor-donor interaction has been ignored but this contribution has been considered in the lower
panels (Fig. 3(c) and (d)). We have taken the same values of the hydrostatic pressure used in Fig. 2.
For small values of the donor angular separation (D/ 6 p=4) the potential curves in the symmetric
case have a single minimum since the combined coupling with the two donor impurities keeps the
electron confined mostly around the positive x-axis (straight line bisecting the angle D/). By augment-
ing D/, this depth diminishes and, for D/ P p=2, the renormalized potential adopts a dependence
with two symmetrically located energy minima. This reflects the fact that when the electron encoun-
ters each of the two separated donors it becomes attracted and tends to localize around the center.
That is, the increasing of D/ results in a transition of the ground state electronic structure from a
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Fig. 3. Effective potential energy of the electron in a GaAs quantum ring complex as a function of the electron angular in-plane
position (see detailed description in the text above) for a fixed donor positions. (a) and (c) Correspond to the symmetric case
while (b) and (d) correspond to the non-symmetric one. In the first two figures ((a) and (b)), the donor-donor interaction was
ignored but its effect has been taking into account in (c) and (d). Two values of the hydrostatic pressure have been considered:
P ¼ 0 (solid lines) and P ¼ 30 kbar (dashed lines). The results are for D/ ¼ p, L ¼ 2 nm, B ¼ 0;RC ¼ 100 nm, and W ¼ 10 nm.
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the increase of D/. However, given the stronger Coulombic attraction with the donor center that
is radially closer to the QR’s inner potential wall, there is a predominance of its related minimum
in the confining renormalized potential energy. This is also the reason why the depth of such min-
imum is increased in comparison with that of the symmetric case. Moreover, the shifting of the
minimum towards higher angular position values is clearly an indication of the asymmetry of the
donor center distribution.
In this set of curves, we can observe that the effect of hydrostatic pressure applied is to shift down
the energy profiles. This is mainly a consequence of the pressure-induced reduction of the dielectric
constant, which leads to the strengthening of the electrostatic interaction. The inclusion of the in-
ter-donor repulsion [Fig. 3(b) and (d)] has the consequence of diminishing the amplitude of such a dis-
placement because the decrease of the dielectric constant implies a larger positive contribution from
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Fig. 4. Ground-state energy of an artificial hydrogen molecule as a function of the donor-origin distance for different ring center
line (a) and angular donor position (b) and (c). The dotted line in (a) corresponds to the potential curve of the actual hydrogen
ion molecule. Insets in (b) contain the difference between the zero pressure energies and those obtained at P ¼ 30 kbar. The
results are for L= 2 nm, B= 0 and W= 10 nm.
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ger in the situation of low angular difference provided the decrease in the relative inter-donor
separation.
Primary interest of the study of hydrogen-like ion molecule caged in a QR consisted in investigating
the evolution of the Dþ2 essential features induced by changes in the QR geometrical parameters and
the externally applied probes such as electromagnetic fields and hydrostatic pressure. In this regard,
we have performed a number of calculations with donors constrained to different radial positions
keeping fixed their angular separations. After solving the Eq. (17) along the lines of the scheme out-
lined above, we are presenting in Fig. 4 the ground state energy for electrons confined in the system,
as a function of the donor-origin distance. We can observe that all curves present a largely deep energy
minimum, in comparison with the same results obtained in the case of the actual Hþ2 hydrogen ion
(dotted line in Fig. 4(a)). Such a feature is a consequence of the combined influence of the QR confining
potential profile and the Coulombic interactions (donor-donor and donors-electron terms).
From Fig. 4(a), we can also observe that the D2
þ and actual Hþ2 hydrogen ion equilibrium lengths
become comparable for a QR center line radius RC ¼ 16 nm. However, the corresponding actual hydro-
gen ion dissociation energy is almost between 3.0 and 3.5 times smaller compared with the Dþ2 system
in a QR with the same center line radius, both for zero and P ¼ 30 kbar (dashed line). This is due to the
stronger quantum confinement felt by the electron inside the ring. In consequence we can conclude
that the Dþ2 molecular complex is more stable against the dissociation under strong confinement than
the similar actual Hþ2 molecule.
Although the calculated Dþ2 ground state energy shown in Fig. 4(a) for P ¼ 30 kbar lies below than the
zero pressure one, this situation might change for critical values of the donor angular positions. For in-
stance, we can see that the curves at zero and P ¼ 30 kbar for D/ ¼ p=9 (Fig. 4(b)) and D/ ¼ p=4
(Fig. 4(c)) , exhibit crossings at certain values of the donor-origin distance. In order to make more appar-
ent this curve crossing, we have plotted in each inset the difference between the ground state total en-
ergy at zero applied hydrostatic pressure and that obtained at P ¼ 30 kbar. In the inset of Fig. 4(b) one
observes a first crossing between the curve and the abscissa at n ¼ 10 nm and another one at
n ¼ 50 nm approximately, whereas this crossing occurs at n ¼ 7 nm in the case of D/ ¼ p=4 (see inset
of Fig. 4(c)). This result is a direct consequence of the hydrostatic pressure effect on the radial donor posi-
tions, which leads to an inversion of the effective potential when the angular difference D/ takes values
lower -or equal- than p=4 (see Fig. 3(c) and (d)). Additionally, in Fig. 4(d) is shown that the dissociation
energy also changes by varying the difference of the angular coordinates of the two centers, D/.
The curves in Fig. 4 are a result of the strong competition between the electron-donors attractive
interaction and the donor-donor repulsion. The negative values of the total energy show that the con-
tribution related with the electron-donors interaction predominates over the other ones when the do-
nor-origin separation values is ranging between 5 and 40 nm. In Fig. 4(d) for fixed values of n1 ¼ n2
lying very close to the QR center line radius (RC ¼ 16 nm), as long as D/ decreases from p to p=4
the energy minima become deeper. However, for D/ less than p=4 this tendency is inverted due to
the slower variation of the repulsive energy term compared with the variation undergone by the
attractive energy term for the same range of D/ values. In addition to this fact, for D/ values below
p=4, there is a tendency to the strengthening of the electron localization, with a breaking of the rota-
tional effect. Then, according to the Heinserbergs uncertainty principle, an increment in the electron
breathing mode frequency should appear. The two previously mentioned facts are responsible for the
upward shifting of the energy curves in the situations where D/ are equal to p=6 and p=9, which
causes the appearance of crossovers as well as the inversion in the energy curves at different points.
On the other hand, by observing Fig. 4(d), one notices that the closest approach between the electron
and donors occurs when n1 ¼ n2 ! RC . This limit situation results in the major attractive Coulomb
interaction, given the narrowness of the quantum ring in that situation.
The discussion made above uncovers the possibility of growing Dþ2 artificial complexes with differ-
ent equilibrium lengths and dissociation energies by varying the QR geometrical parameters, the do-
nor positions in the QRs plane, and, to a lesser extent, the hydrostatic pressure (dashed lines in
Fig. 4(a)-(c)). From the results depicted in Fig. 4(a) we can see, for instance, that the QR center line
determines the Dþ2 equilibrium length. That is, the greater is the QR center line the larger is the
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the angular difference D/ (see Fig. 4(d)) and the hydrostatic pressure (see Fig. 4(a)-(c)), for fixed RC .
Finally, in Fig. 5 we display the variation of the electron energy states as a function of the applied
magnetic field for the case of g ¼ 0 with RC ¼ 100 nm (Fig. 5(a)), and RC ¼ 16 nm (Fig. 5(b)). Further-
more, the cases g ¼ 1 with RC ¼ 100 nm (Fig. 5(c)) and with RC ¼ 16 nm (Fig. 5(d)) are also shown. The
hydrostatic pressure effect becomes readily apparent by contrasting in each figure the results calcu-
lation for P ¼ 0 and 30 kbar. The radial distances of both centers from the origin are taken to be equal
in each case: n1 ¼ n2 ¼ 10 nm (Fig. 5(a) and (c)) and n1 ¼ n2 ¼ 60 nm (Fig. 5(b) and (d)).
From the figure one observes clearly defined Aharonov–Bohm-like oscillations. This behavior ap-
pears as a consequence of the strong competition between the diamagnetic term (proportional to
B2) and the paramagnetic one (proportional to B). Setting the angular difference between donor posi-
tions as D/ ¼ p, and g ¼ 0 (Fig. 5(a)) we notice that the greater is the applied hydrostatic pressure the
lower are the corresponding energy levels, and the AB oscillation period is slightly larger. However,
this behavior is inverted as the repulsive donor-donor Coulomb interaction (g ¼ 1, Fig. 5(c)) is taken
into account; because the donor positions are also changed by the influence of the hydrostatic pres-
sure. The curves corresponding to D/ ¼ p=9 and RC ¼ 16 nm, with g ¼ 0 (Fig. 5(b)), and g ¼ 1
(Fig. 5(d)), display a similar behavior. Nevertheless, between both set of [Fig. 5(a) and (c) for
RC ¼ 100 nm, and Fig. 5(b) and (d) for RC ¼ 16 nm] there are significant differences. On one hand,
we observe that smaller center line radii imply greater values AB oscillation period. This period, for
very narrow nano-rings –as those analyzed in the present work–, is approximately 2=R2C . For this rea-
son, when RC ¼ 16 nm, it is necessary to increase the magnetic field strength up to 17:5 T in order to
obtain the same number of oscillations than in the case when RC ¼ 100 nm. On the other hand, in
Fig. 5(b) and (d) one may see the suppression of the appearance of anti-crossings for the lowest energy
states; as a consequence of the electron localization by the positive centers. For such localized states,
the breaking of the degeneracy, typical of the eigenstates of the orbital angular momentum, is more
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Fig. 5. Electron energies in a GaAs quantum ring complex as a function of the applied magnetic field for two values of the
applied hydrostatic pressure without (a, b) and with donor-donor interaction (c, d). In the left-hand panels the results are with
D/ ¼ p, n1 ¼ n2 ¼ 10 nm, and RC ¼ 100 nm, whereas in the right-hand panels the results are with D/ ¼ p=9; n1 ¼ n2 ¼ 60 nm,
and RC ¼ 16 nm. In all figures the calculations are with L ¼ 2 nm and W ¼ 10 nm.
M. R-Fulla et al. / Superlattices and Microstructures 67 (2014) 207–220 219coincides with the middle point of the curve for zero pressure whilst for the finite pressure it lies
shifted leftward, thus showing the phenomenon of a pressure-induced deformation of the oscillation.4. Conclusions
We have studied some properties of the energy states in a complex involving a double-donor cen-
ter and conduction band electron in a toroid-like GaAs QR of rectangular cross-section. We have
shown the effects posed on the energy spectrum by changes in the geometrical configuration of the
two donor centers, as well as those resulting from the application of external probes like hydrostatic
pressure and magnetic fields. One of the main results is the demonstration of the appearance of sig-
nificant qualitative and quantitative modifications in the energy structure when the repulsive electro-
static interaction between the two ionized donor centers is taken into account in the calculation. In
general, the application of hydrostatic pressure enhances the magnitude of the electron-donors cou-
pling; but the inclusion of the inter-donor repulsion can even quench such a behavior for certain val-
ues of the angular amplitudes of the electron motion. Besides, we observe that the Aharanov–Bohm
oscillations tend to disappear as the donors locate close to the QR external surface; since the low-lying
electronic states become more strongly localized at the bottom of the quantum well defined by the
effective potential energy.
On the other hand, a system of dual donor impurity centers in a quantum ring can be a candidate
for a charge qubit system coded in terms of the relative position of the electron with respect of the two
centers. This possibility has been previously discussed in the case of Hþ2 impurity system confined in a
spherical quantum dot [8,31]. According to the results previously reported in Ref. [18,31], we would
expect that the larger number of parameters incorporated in the case of a Dþ2 confined in a QR (radial
and relative angular positions of the impurity atoms) could be more suitable to tailor the localized
electron states in order to result in a better memory for a qubit. This could be the subject of a future
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In this work we investigate the energy states in a D+2 complex formed by the coupling of a conduction band
electron and two donor centers in a quantum ring with rectangular cross-section. The inuences of externally
applied probes like electric and magnetic elds and hydrostatic pressure together with the change in the relative
position between the two Coulombic centers are particularly studied, highlighting the important contribution of
the repulsive inter-center interaction. The destruction of the AharonovBohm oscillations of the ground state
associated with the localization of the electron states in the system is discussed.
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1. Introduction
In the last few years, nanostructures based on semi-
conductor materials in a ring-shape have been a subject
of both experimental and theoretical researches [18]. In
this context, the quick development of fabrication tech-
nology of quantum rings (QRs) has triggered a strong
interest on these nanostructures due to the possibility
to develop novel devices that combining the optical and
electronic properties [6, 7] could boost the development
of the optoelectronic industry and particularly the eld
of quantum computing [8]. In the present work, we con-
sider an o-axis D+2 molecular complex conned in a QR
under the presence of crossed electric and magnetic elds
as well as the hydrostatic pressure. By using the adia-
batic approximation, we address in detail the incidence
of these elds on the D+2 energy structure as well as the
eect of donor position and electric eld on the localized
electron states.
The structure of this work is organized as follows. In
Sect. 2, we obtain the basic formulae from the D+2 Hamil-
tonian in the framework of the adiabatic approximation.
Section 3 presents the results and discussion. Finally, the
conclusions are summarized in Sect. 4.
2. Theoretical framework
We consider a single GaAs toroid-like QR generated by
revolving around the z-axis a small rectangle of height
L and width W = RO − RI, being RI and RO the
inner and outer QR radius, respectively. Two shallow
donor impurities are located on the plane xy at dis-
tances ξ1 and ξ2 from the QR z-symmetry axis and they
are bound each other through an electron which is forced
to move into the QR. Figure 1 shows a schematic pic-
ture of the model system. The study takes into ac-
count the inuence of the hydrostatic pressure by in-
troducing the corresponding dependences of the elec-
tron eective mass and the dielectric constant on P
(in kbar): m∗(P )/m0 = 0.0665+5.7076×10−4P ; ε(P ) =
12.25− 0.027P . Dimensions change according to the ex-
pression L(P ) = L(0)[1 − (S11 + 2S12)]1/2; whereas the
radial size is RI,O(P ) = RI,O(0)[1−2(S11+2S12)]1/2, and
ξ1,2(P ) = ξ1,2(0)[1− 2(S11 + 2S12)]1/2.
Fig. 1. Schematic 3D diagram of D+2 molecular com-
plex with electron conned in toroid-like QR.
In the eective-mass approximation, the D+2 Hamil-
tonian under the eects of hydrostatic pressure,
an x-direction-oriented electric eld, F , and in-growth-
-direction magnetic eld, B, can be written in cylindrical
coordinates (ρ, ϕ, z) as follows:




































∣∣r − ξj∣∣ + ηe
2
ε(P ) |ξ2 − ξ1|
;∣∣r − ξj∣∣ = √ρ2 + ξ2j − 2ρξj cos (ϕ− ϕj) + z2,




2 − 2ξ1ξ2 cos(ϕ2 − ϕ1). (2.1)
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The connement potential Vc(ρ, z, ϕ) is assumed to
be zero and innite inside and outside the QR, respec-
tively. An articial parameter η has been included in
order to analyze the D+2 energy structure by consid-
ering impurityimpurity interaction (η = 1) or leav-
ing aside this interaction (η = 0). Thus, to calcu-
late the D+2 molecular energy structure from the corre-
sponding Schrödinger equation with Hamiltonian (2.1),
we shall use an approximated method given that the
attractive impurity-electron Coulomb interaction makes
very hard to nd an exact solution. Besides, a re-
alistic self-assembled InGaAs QR is characterized by
a very small height-to-center line radius aspect ratio,
(L/[0.5(RI + RO)] = L/RC  1). Bearing in mind this
fact and considering for the sake of mathematical mod-
eling very narrow QRs, whose widths are very small in
comparison with their radii (W/RC  1), we can carry
out a numerical procedure based on the adiabatic ap-
proximation (AA) [9]. In order to make more evident
the possibility to use the AA approximation, the rescal-
ing the variables ρ and z must be realized since their
ranges of variation are strongly dierent from azimuthal
variable. The substitutions announced above are, respec-
tively, ρ = RI + Wρ̃ and z = Lz̃, where the new di-
mensionless variables ρ̃ and z̃ take values inside the QR
between 0 to 1. Under these conditions the actual rectan-
gular QR cross-section W ×L has been mapped to other
one with unitary area, where the new variables are now
comparable allowing us to re-write the Hamiltonian (2.1)
as





























Ṽj (ρ̃, z̃) +
ηe2
ε2(P ) |ξ2 − ξ1|
; (2.2)
with







Equation (2.2) may be regarded as the corresponding
Hamiltonian for three particles with hypothetical masses
2m∗(P )W 2, 2m∗(P )L2, and ≈ 2m∗(P )R2C, respectively,
interacting by means of the potential
∑2
j=1 Ṽj(ρ̃, ϕ, z̃).
The rst two masses are much smaller than the other one,
which allows us to decouple the fast transverse electron
motion from the slow rotation motion around the z-axis
by using the well-known adiabatic procedure. In conse-
quence, the three-dimensional problem (2.2) is reduced
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g̃2 (ρ̃, ϕ) f2 (z̃, ϕ)Vj(ρ̃, ϕ, z̃)ρ̃dρ̃dz̃.
(2.4)
To allow us to do the above procedure, we ini-
tially adopted a three-dimensional wave function as
Ψ(ρ̃, ϕ, z̃) = fz(ρ̃, ϕ)g(z̃, ϕ)Φ(ϕ), where fz(ρ̃, ϕ)g(z̃, ϕ)
is the normalized ground state wave function electron in
an innite two-dimensional square quantum well whose
lowest energy value is E0(ρ̃, z̃) = [π
2~2/2m∗(P )](1/L2 +
1/W 2). The function Φ(ϕ) describes the slow electron ro-
tating motion around the z-axis and satises the bound-
ary condition Φ(−π) = Φ(π). The one-dimensional
Schrödinger Eq. (2.3) with azimuthal eective potential
V
(η)
rot (ϕ) describing the molecular rotation eects may be
solved by means of a series expansion in terms of the







Replacement of this equation into Eq. (2.3) yields a sec-
ular equation of order N for non-trivial solution, which
allows us to obtain the corresponding energy eigenvalues.
3. Results and discussion
In Fig. 2 we show the calculated eective potential
V
(η)
rot (ϕ) presented in Eq. (2.3). Results are shown for
an asymmetric radial positioning of the two Coulombic
centers, as functions of the electron angular variable for
a xed dierence of the angular coordinates of the two
centers: ∆ϕ = ϕ2 − ϕ1 = π (a,b), and for xed relation
of the relative distances of the two centers from the ori-
gin, changing ∆ϕ (c,d). We are considering no electric
or magnetic elds applied and two values of the hydro-
static pressure (0 and 30 kbar). Besides, we present the
eective potential energy outcome in two distinct cases:
(η = 0) (a,c) and (η = 1) (b,d).
It can be noticed that the eect of a nonzero applied
pressure is to lower the energy as the result of the re-
duction in the overall size of the system, the increase of
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Fig. 2. Eective potential energy of the electron in a
GaAs D+2 quantum ring complex as a function of the
electron angular in-plane position (see detailed descrip-
tion in the text above). In all the gures, calcula-
tions are with ∆ϕ = π, L = 2 nm, F = 0, B = 0,
Rc = 100 nm, and W = 10 nm.
the electron eective mass, and the fall in the dielectric
constant. All this reects in the strengthening of the
electrostatic coupling. We see that, as long as the donor
atoms locate further from the inner QR wall (lower values
of ξ1 and ξ2), the localization becomes less pronounced.
Moreover, the connection of the inter-donor repulsion 
which is merely an additional constant term in the renor-
malized Hamiltonian  leads, as expected, to a shifting
upwards of the energy, weakening the Coulombic cou-
pling of the electron and the D+2 complex. Such an eect
becomes reinforced at nonzero pressure provided the rise
in the strength of this repulsion associated with the size
reduction and the decrease of the dielectric constant. One
may even observe that, in the cases of near-origin center
positions or small ∆ϕ, the eect of pressure brings the
energy curve above the zero pressure one for suciently
large electron angular deviation. Up to our knowledge,
this phenomenon has never been reported before in QR
under hydrostatic pressure.
Figure 3 contains the variation of the electron state
energy as a function of the applied magnetic eld for the
case η = 0. The same geometrical environment of the up-
per row graphs in Fig. 2 (parts (a) and (b)) is adopted,
without applied electric eld; but this time the radial
distances of both centers from the origin are taken to be
the same. The AharonovBohm-like oscillations clearly
appear. One observes the breaking in the appearance of
anticrossings, for the lowest energies, as a consequence
of the electron localization by the positive centers. For
such localized states, the breaking of the degeneracy typ-
ical of the eigenstates of the orbital angular momentum is
more apparent. It is possible to notice again the inuence
of the hydrostatic pressure in reinforcing the Coulombic
coupling. In addition, we can observe that the verti-
cal dotted line in the graphics coincides with the middle
point of the curve for zero pressure whilst for the nite
pressure it lies shifted rightward, thus showing the defor-
mation of the oscillation induced by the pressure.
Fig. 3. Electron energies in a GaAs D+2 quantum ring
complex as a function of the applied magnetic eld for
two values of the applied hydrostatic pressure (see a
more detailed description in the text above). Calcula-
tions are with ∆ϕ = π, L = 2 nm, F = 0, Rc = 100 nm,
RI = RO = 10 nm, η = 0, and W = 10 nm.
On the other hand, Fig. 4 shows the same energy states
depending on the magnetic eld but, in this case, several
values of the strength of an externally applied electric
eld are considered. The pressure value is set equal to
30 kbar and the remaining settings are the same discussed
for the results presented in Fig. 3. This time, we readily
notice a progressive destruction of the AharonovBohm
oscillations as long as the electric eld intensity becomes
higher. This is related with the expected correction to
the energy posed by the eld eect according to its orien-
tation in the plane via the cosine of the angular electronic
variable. In one limit case, the electric eld pushes the
electron towards the outer wall of the QR, whilst in the
other the electron is attracted towards the inner wall. In
this latter case, the eective electrondonor distance de-
creases and the Coulombic interaction becomes stronger.
Thus, the degree of localization of the electron will be
higher.
It is possible to conrm this by observing the eec-
tive potential V
(0)
rot (ϕ) shown in Fig. 5. For small electric
eld strength values, there is a high probability of nd-
ing the electron at ϕ = π/2 and therefore the Coulom-
bic centers share the electron with the same probability,
that is, the electron is being collectivized by the two im-
purities. However, for an electric eld strength greater
than 0.01 kV/cm, the electrostatic force pushes the elec-
tron toward the neighborhood of the impurity located on
−x-axis (ϕ = π) and, according to the second term at the
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Fig. 4. Electron energies in a GaAs D+2 quantum ring
complex as a function of the applied magnetic eld for
three values of the applied electric eld (see description
of Fig. 3 above). Calculations are with ∆ϕ = π, L =
2 nm, P = 30 kbar, Rc = 100 nm, RI = RO = 10 nm,
η = 0, and W = 10 nm.
Fig. 5. The eective potential energy in a GaAs D+2
quantum ring complex as a function of the in-plane an-
gular coordinate for dierent values of the applied elec-
tric eld (see description of Fig. 3 above). Calculations
are with ∆ϕ = π, L = 2 nm, B = 0, P = 30 kbar,
Rc = 100 nm, RI = RO = 10 nm, and W = 10 nm.
right of the lower equation in (2.3), the eective potential
energy turns to be more negative since the Coulomb in-
teraction is reinforced. As a consequence, localized states
can appear more easily yielding a suppression of the AB
oscillations because the impurities are practically isolated
and the electronic collectivization between donors tends
to be quenched.
4. Conclusions
In this work, we have studied some properties of the
energy states in aD+2 complex involving conduction band
electrons in a toroid-like GaAs quantum ring of rectan-
gular cross-section. We have shown the eects that the
changes in the geometrical conguration of the two donor
centers, and/or the application of external probes like hy-
drostatic pressure and static electric and magnetic elds,
have on the spectrum of such systems. One of the main
results is the demonstration of the appearance of signi-
cant qualitative and quantitative modications when the
repulsive electrostatic interaction between the two ion-
ized donor centers is taken into account in the calcula-
tion. In general, the application of hydrostatic pressure
enhances the magnitude of the electrondonors coupling;
but the inclusion of the inter-donor repulsion can even
quench such a behavior for certain angular amplitudes
of the electron motion. On the other hand, when there
is an applied magnetic eld, the hydrostatic pressure de-
forms the shape of the AharonovBohm oscillations, and
the presence of an external electric eld can cause the
destruction of these oscillations in the system.
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Páginas 137 a 149
ESTADOS ENERGÉTICOS DE UN D2
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RESUMEN: Un modelo simple basado en la aproximación adiabática, se ha implementado para estudiar el
espectro energético de una molécula D2
+ confinada en un anillo cuántico muy estrecho. El sistema completo
se encuentra bajo la influencia de campos externos: magnético y de presión hidrostática. Los resultados mues-
tran la posibilidad de obtener moléculas artificiales cuyos parámetros caracteŕısticos: longitud de equilibrio,
enerǵıa de disociación y punto de retorno, pueden ser seleccionadas de antemano al cambiar los factores
geométricos del anillo y las intensidades de los campos externos, hecho que contrasta con los valores que
registra los valores inmodificables que impone la naturaleza a la molécula natural de hidrógeno.
PALABRAS CLAVE: Anillo cuántico, complejo bi-hidrogenoide, presión hidrostática, punto de retorno
ABSTRACT: A simple model baseon adiabatic approximation is implemented in order to study the energy
structure of a D2
+ molecule confined into the very narrow quantum ribbon. The full system in uander the
influence fields: magnetic and hydrostatic pressure. The results show the possibility of obtaining artificial
molecules whose characteristic features: equilibrium length, dissociation energy, and turning point can be
beforehand chosen by changing the quantum ring geometrical parameters the external field strengths, which
contrast with the unchanged values of the actual hydrogen molecule which are determined by the nature.
KEYWORDS: Hydrostatic pressure, quantum ring, two-hydrogenic complex, turning point.
1. INTRODUCCIÓN
En los últimos años ha habido un gran interés en el crecimiento de nano-estructuras semiconduc-
toras de baja dimensionalidad denominadas puntos cuánticos (QD)(Bimberg, 2008). Esto se debe
aMontes, Y.; Suaza, Y.; Rincón, F. M. & Maŕın, J. (2015). Estados energéticos de un D2
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a que con estas nano-estructuras se podŕıan construir novedosos sistemas opto-electrónicos de alto
rendimiento y ordenadores cuánticos sobre la base de bloques llamados qubits (Skinner et al., 2003).
De entre la gran variedad de QDs que se pueden obtener experimentalmente, es indudable que aque-
llos en forma de anillo (Fomin, 2014) son los que mayor atención han captado, ya que la singular
topoloǵıa de los anillos, asociada con la existencia de una cavidad central, permite la aparición de
interesantes efectos de interferencia cuántica imposibles de obtener en QDs con otras morfoloǵıas.
Por ejemplo, cuando un electrón es obligado a moverse dentro de un anillo cuántico muy estrecho,
bajo la influencia de un campo magnético uniforme aplicado en la dirección de crecimiento y en
ausencia de todo tipo de dispersión inelástica, resulta posible la observación de las llamadas corrien-
tes persistentes (Timp et al., 1987) y de las oscilaciones Aharanov-Bohm (AB)(Timp et al., 1987).
La periodicidad de estas oscilaciones es fuertemente dependiente del radio medio del anillo (Maŕın
et al., 2011). No obstante, si el anillo se torna de forma eĺıptica, no se tiene un periodo definido
(Bruno-Alfonso & Latgé, 2005) y en consecuencia tienden a aparecer estados localizados, los cuales
son más evidentes cuando se modifica la homogeneidad de la sección transversa del anillo (Maŕın et
al., 2011) o incluso cuando la altura es variable, como es el caso de cintas cuánticas perfectamente
ciĺındricas pero de altura no uniforme (Suaza et al., 2015).
De otro lado, es bien conocido que dopaje de las nano-estructuras semiconductoras con impurezas
del tipo aceptor o donador, modifican notoriamente las propiedades electro-ópticas y cinéticas de
los portadores de carga confinados dentro de estos sistemas de baja dimensionalidad. En concreto,
se sabe que la presencia de impurezas hidrogenoides en estos sistemas, incrementa la conductividad
eléctrica en varios órdenes de magnitud. Por esta razón, muchas investigaciones se han centrado en
el estudio del espectro energético de diferentes tipos de estos sistemas hidrogenoides en QDs. En
particular, el sistema bi-hidrogenoide D2
+ (Shuai et al., 2008; Gutiérrez et al., 2010), compuesto
por dos donadoras (centros de carga fija de naturaleza positiva) que se ligan entre śı a través de
un electrón, se ha venido estudiando en los últimos años, ya que a través de una manipulación
conveniente de sus propiedades moleculares, permitiŕıa la obtención de un sistema de dos niveles
de enerǵıa: “enlace” y “anti-enlace”. Con estos dos niveles se podŕıa codificar información cuánti-
ca, bien sea a través del esṕın electrónico o a través del control de los grados de libertad del electrón.
La mayoŕıa de trabajos teóricos tendientes a analizar el espectro energético de las impurezas
D2
+, se han realizado asumiendo que éste sistema está confinado en un QD de forma esférica,
pero muy pocos se han realizado asumiendo que el sistema está confinado en un anillo cuántico.
Esto a pesar de que los anillos ofrecen un mayor confinamiento cuántico, lo que se traduce en un
mayor incremento en las diferencias energéticas entre los estados enlace y anti-enlace y una mayor
localización electrónica, siendo estas propiedades más aptas para la codificación de información
cuántica a través de la obtención de qubits. Lo anterior sin mencionar que la posibilidad de
obtener experimentalmente puntos cuánticos semiconductores en forma esférica, está lejos de ser una
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realidad, hecho completamente diferente a lo que ocurre con los anillos, cuya rutina experimental
está completamente definida y comprobada. Estimulados por los hechos teórico-experimentales que
se acaban de mencionar, en este trabajo se hará un cálculo del espectro energético de un D2
+
en un anillo cuántico con donadoras descentradas y asumiendo que todo el sistema se encuentra
bajo la influencia de campos de presión hidrostática y magnético, este último orientado a lo largo
del eje de simetŕıa. De acuerdo con las mediciones estructurales realizadas sobre anillos (Lorke et
al., 2000), éstos se caracterizan por tener una altura más pequeña que su radio medio, de esta
forma es posible realizar cálculos del espectro energético D2
+, suponiendo que los anillos tienen una
sección transversa muy estrecha, lo que permitirá implementar un modelo basado en la aproximación
adiabática. Este modelo, en comparación con el mismo sistema confinado en puntos de diferente
morfoloǵıa y el uso de otros modelos de análisis, permite simplificar sustancialmente los cálculos
matemáticos y los esfuerzos computacionales. De este modo será posible abordar en detalle los
efectos de los campos externos sobre las propiedades caracteŕısticas del complejo molecular D2
+:
longitud de equilibrio, enerǵıa de disociación y muy especialmente, permitirá establecer que factores
inciden más notoriamente sobre el punto de retorno, el cual define el punto en el cual la enerǵıa
total del sistema se hace cero.
2. MODELO TEÓRICO
En la figura 1 se muestra una imagen tridimensional esquemática de un anillo cuántico de altura h
y espesor W , la cual es igual a la diferencia entre el radio exterior Ro y el radio interior Ri. Las dos
impurezas donadoras se localizan en la base del anillo, la cual se hace coincidir con el plano x − y,
a las distancias Ri1 y Ri2 del eje de simetŕıa z.
Las dos impurezas interactúan eléctricamente con un electrón que está obligado a moverse dentro
de un anillo y del cual no puede escapar debido a que las barreras de potencial que se asumen ser
de naturaleza infinita.
En la aproximación de masa efectiva, el Hamiltoniano del sistema D2
+ en coordenadas ciĺındricas,
bajo los efectos de presión hidrostática (P ) y de campo magnético B⃗ paralelo al eje z, se puede
escribir como:





























ε1(P ) ∣r⃗ −Rÿ ∣
+ ηe
2
ε2(P ) ∣Ri2 −Ri1∣
⎫⎪⎪⎬⎪⎪⎭
Ψ(ρ,ϕ, z) = E(η)Ψ(ρ,ϕ, z)
(1)
donde:
∣r⃗ −Rÿ ∣ =
√
ρ2 +Rÿ2 − 2ρRÿ cos (ϕ − ϕj) + z2 y ∣Ri2 −Ri1∣ =
√
Ri1
2 +Ri22 − 2Ri1Ri2 cos(ϕ2 − ϕ1)
representan las distancias entre las impurezas y el electrón y la distancia entre donadoras,
respectivamente. El potencial de confinamiento Vc(ρ,ϕ, z) se asume ser cero dentro del anillo e
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Figura 1: Complejo molecular D2
+ en un anillo cuántico. Fuente: Elaboración propia
infinito por fuera de éste.
Los efectos de la presión hidrostática sobre el anillo cuántico, de acuerdo al modelo implementado
por Reyes et al. (2008) y Maŕın et al. (2011), se han incluido a través de la dependencia que exhiben
los factores geométricos caracteŕısticos del anillo, altura, radio interior y exterior y posiciones
radiales de las impurezas, aśı como la masa efectiva y permitividad eléctrica con esta cantidad.
Teniendo presente que la presencia del término de interacción Coulombiana entre los donadores y el
electrón, no permite llevar a cabo una separación de variables de modo que se obtenga una solución
anaĺıtica para el espectro de enerǵıa del D2
+, se propone implementar un método aproximado que
además tenga en cuenta las mediciones experimentales realizadas sobre estos sistemas confinados,
donde (Lorke et al., 2000), muestran que los anillos cuánticos de InGaAs se caracterizan porque la
razón entre su altura y el radio medio del anillo es muy pequeña [h/(0,5(R1 +R0))] = L/Rc << 1.
En consecuencia, este hecho experimental permite el uso de la aproximación adiabática (Maŕın et
al., 2011) con el fin de desacoplar el movimiento rápido del electrón en dirección z del movimiento
lento en plano x − y. Por lo tanto, la función de onda para la ecuación de Schrödinger con
Hamiltoniano (1) puede escribirse como:
Ψ(ρ,ϕ, z) = fz(ρ, z)Θ(ρϕ)/
√
ρ (2)
Donde la cantidad ρ en fz(ρ, z) se comporta como una constante. Este hecho permite que esta
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fz(ρ, z) + Vc(ρ, z)fz(ρ, z) = Ez(ρ,P )fz(ρ, z) (3)
Donde un cálculo simple muestra que:
fz(ρ, z)
√
2/L(P ) sen [πz/L(P )],Ez(ρ,P ) = π2h̵2/[2m∗(P )L2(ρP )] (4)
Una vez determinada la función fz(ρ, z) se puede determinar la función bi-dimensional Θ(ρ,ϕ)
mediante el principio variacional de Schrödinger (F [Θ] = (Ψ ∣H −E∣Ψ) → min). La derivada





















ε2(P ) ∣Ri2 −Ri1∣
]Θ(ρ,ϕ) = EΘ(ρ,ϕ)
(5)
donde U(ρ) representa el potencial efectivo bi-dimensional y V̄j(ρ,ϕ,P ) es un potencial
renormalizado que describe la interacción Coulombiana entre las impurezas y el electrón y cuyas
expresiones son las siguientes:








+ π2h̵2/2m∗(P )L2(P ) (6)







ρ2 +Rÿ2 − 2ρRÿ cos (ϕ − ϕj) + z2
(7)
Con el propósito de resolver la ecuación de Schrödinger bi-dimensional (5), se asume que el
anillo cuántico es muy estrecho: [R0 −R1)/(0,5(R0 +R1))] = W /Rc << 1. Esta asunción unida
a la sustitución ρ = Rc + ρ̃, donde ρ̃ toma valores entre −W /2 y W /2, permite establecer que el
movimiento electrónico en dirección radial es mucho mayor que el movimiento de rotación alrededor
del eje z. En consecuencia, se puede implementar nuevamente la aproximación adiabática para
separar estos dos movimientos. Un congelamiento temporal de la variable angular ϕ y haciendo
Θ(ρ,ϕ) = g(ρ̃, ϕ)Φ(ϕ), permite encontrar la ecuación que involucra la variable renormalizada ρ̃ y












V̄j(ρ̃, ϕ,P ) +
ηe2
ε2(P ) ∣Ri2 −Ri1∣
⎤⎥⎥⎥⎥⎦
g(ρ̃, ϕ) = ERη(ϕ)g(ρ̃, ϕ) (8)
En esta ecuación ER
η representa una enerǵıa renormalizada y ella describe los efectos vibracionales
de la molécula en el anillo con potencial efectivo − h̵22m∗(P ) (
∂2
∂ρ̃2
)+U(ρ̃)−∑2j=1 V̄j(ρ̃, ϕ,P ). Debido a
que la variable angular se comporta como un parámetro en la ecuación (8), entonces esta ecuación
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puede resolverse numéricamente a fin de obtener ER
η(ϕ) y g(ρ̃, ϕ). En consecuencia sólo faltaŕıa
por determinar la función Φ(ϕ), la cual describe la rotación del electrón alrededor del eje z y
debe satisfacer las condiciones de frontera Φ(π) = Φ(−π). Esta función puede obtenerse usando el
principio variacional de Schrödinger:






g(ρ̃, ϕ)Φ∗(ϕ)[H̃(ρ̃ϕ) −ERη]g(ρ̃, ϕ)Φ(ϕ)dϕ]→min (9)
La condición de que la integral tenga un valor estacionario, permite obtener la ecuación diferencial
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Esta ecuación uni-dimensional con potencial azimutal efectivo ER
η(ϕ), describe los efectos
rotacionales del complejo molecular D2








El reemplazo de esta función en la ecuación (11) permite obtener una ecuación secular de orden N
para una solución no-trivial:
det ∥Eδm′,m −Dm′,m∥ = 0, m′,m = 0,±1,±2, ...,±N (13)


















La solución secular de la ecuación secular (13) permite obtener los auto-valores E de la enerǵıa.
3. RESULTADOS Y DISCUSIÓN
El interés fundamental que se tiene al analizar este complejo molecular D2
+ cuando está fuertemente
confinado en un anillo cuántico, es el de establecer como se afectan sus rasgos caracteŕısticos:
longitud de equilibrio y enerǵıa de disociación, cuando se cambian los factores geométricos y la
intensidad de los campos externos. Pero adicionalmente, se desea tratar un aspecto poco estudiado
en la literatura con relación a este complejo molecular y es establecer qué factores pueden llegar a
afectar el punto de retorno de este sistema en condiciones de confinamiento cuántico. De acuerdo
con Chuu & Hsieh (2000), este punto corresponde al valor del radio del anillo para el cual un
estado de enerǵıa ligado cambia de positivo a negativo o también, en este caso particular, donde la
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separación entre impurezas produce un cambio de signo en la enerǵıa total del sistema. En ambos
casos la enerǵıa total del sistema tiene que hacerse cero en algún punto, el cual justamente define
el punto de retorno.
Figura 2: Evolución de la enerǵıa total del complejo molecular D2
+ con la separación entre impurezas. Fuente:
Elaboración propia
En la figura 2 se muestra la evolución de la enerǵıa total del sistema D2
+ como función de la
separación entre las impurezas para tres valores diferentes del radio medio del anillo Rc = 1,6Å,3,0Å
y 5,0Å sin presión (curvas continuas) y con presión de 40 kpa (ĺınea punteada). Independientemente
de los valores del radio y de la presión, todas las curvas exhiben un comportamiento análogo al del
su equivalente molecular tridimensional H2
+, es decir poseen un mı́nimo para un cierto valor de
separación entre impurezas, el cual define la longitud equilibrio y el valor que tome la enerǵıa en ese
mı́nimo está asociada con la enerǵıa de disociación. Se puede ver como la enerǵıa de disociación es
independiente del tamaño del anillo, ya que en los tres casos la profundidad del mı́nimo es el mismo.
No obstante, su profundidad si se ve afectada por la aplicación del campo de presión de 40 kpa, ya
que éste produce un desplazamiento hacia abajo del mı́nimo en casi un 20 % en comparación con
las curvas obtenidas sin presión hidrostática. Esto significa que la aplicación de la presión permite
obtener moléculas más estables frente a la disociación. La razón de este incremento se encuentra en
la disminución total de las dimensiones de la estructura en la reducción en la constante dieléctrica
con la presión. Ambos efectos tienden a favorecer el incremento de la interacción electrón donador,
ya que el electrón tiende a estar más cerca de las donadoras haciendo que la enerǵıa sea más
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negativa. Un aspecto importante que se puede observar de estas curvas, es el asociado con la forma
como el incremento del tamaño del anillo, produce un desplazamiento de las curvas hacia derecha.
Este hecho se traduce en una modificación de los puntos de retorno, ya que la distancia promedio
entre el electrón y las donadoras se incrementa al aumentar el tamaño del radio medio del anillo. Por
ejemplo para los valores Rc = 1,6Å,3,0Å y 5,0Å los puntos de retorno se obtienen para separaciones
entre impurezas de 0,5Å,0,9Å y 1,5Å, respectivamente.
Con el propósito de analizar los efectos de confinamiento sobre las propiedades esenciales del
complejo molecular D2
+, es necesario cotejar los valores con los correspondientes para su análogo
clásico tridimensional, representado en la molécula ionizada de hidrógeno H2
+. Para esta molécula
tridimensional se tiene que la longitud de equilibrio igual a 2Å y su correspondiente enerǵıa de
disociación igual a 1,26Ry
∗ son únicas e inmodificables. No obstante, para el caso del complejo
D2
+, se puede observar que la enerǵıa de disociación es casi 15 veces mayor que la del H2
+, lo cual
prueba que el efecto del confinamiento es incrementar sustancialmente su estabilidad. Además se
encuentra que la longitud de equilibrio es fuertemente dependiente del tamaño del anillo, ya que
para los valores Rc = 1,6Å,3,0Å y 5,0Å se tienen longitudes de equilibrio de 1,5Å,3,0Å y 5,0Å,
respectivamente, lo cual contrasta con el valor ŕıgido e invariable del complejo molecular clásico
H2
+. Este hecho deja abierta la posibilidad de obtener moléculas artificiales, donde sus factores
esenciales: longitud de equilibrio, enerǵıa de disociación y punto de retorno, podŕıan predeterminarse
de acuerdo a una potencial aplicación.
Unas curvas similares se obtienen al graficar la enerǵıa total del sistema en función del radio medio
del anillo, para tres diferentes separaciones entre impurezas: Ri = 1,6Å,3,0Å y 5,0Å. Una vez
más se ve que la longitud de equilibrio se desplaza hacia derecha cuando se aumenta la separación
entre impurezas, manteniéndose prácticamente constante la enerǵıa de disociación. Un aspecto
importante que se debe resaltar de estas curvas corresponde a la leve variación que experimenta el
punto de retorno con el radio medio del anillo. Para ello fue necesario ampliar las imágenes en la
vecindad de los puntos donde las diferentes curvas de enerǵıa se hacen cero, siendo esto justamente
lo que se muestra en el recuadro de la figura 2. Como puede verse, al aumentar la separación
entre donadoras, el término de enerǵıa repulsivo proveniente de la interacción donador-donador
disminuye, lo que conlleva a que el punto de retorno esté más a la izquierda cuanto mayor es la
separación entre donadores. En este orden de ideas se puede establecer que los valores del radio
medio del anillo para los cuales se hace cero la enerǵıa con separaciones entre impurezas 1,6Å,3,0Å
y 5,0Å son iguales a 0,5Å,0,15Å y 0,18Å, respectivamente, mientras que el punto retorno para la
molécula H2
+ es del orden de 0,530Å.
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Figura 3: Evolución de la enerǵıa total del complejo molecular D2
+ con la separación entre impurezas para
diferentes posiciones angulares de las impurezas. Fuente: Elaboración propia
No solo las distancias radiales a las que se encuentran las impurezas donadoras determinan las
propiedades del complejo molecular D2
+ confinado en el anillo cuántico. En la figura 3 se muestra
la evolución de la enerǵıa total del sistema en función de la posición de las impurezas para diferentes
valores de la posición angular relativa entre donadoras ϕr = ϕ2−ϕ1 = 5○,15○,22○,30○,45○,60○ y 90○.
En esta gráfica es posible observar que para un valor fijo de la separación entre donadoras, cuánto
más pequeña sea la separación angular entre ellas, mayor es la enerǵıa total del sistema. Este
hecho conlleva a que menor ángulo de separación, el término repulsivo de interacción Coulombiana
entre donadoras tiene un aporte más significativo a la enerǵıa total, haciendo que para pequeñas
separaciones entre donadoras, la contribución repulsiva de interacción Coulombiana entre ellas,
se imponga sobre el término de interacción atractiva entre el electrón y las donadoras. Es por
esta razón que a pequeños valores de la separación angular, el proceso de transformación de
la enerǵıa desde valores positivos a valores negativos, al cambiar la separación ente impurezas,
resulta ser más prolongado que en el caso de grandes separaciones angulares y por ello el
punto de retorno está más a la derecha cuánto más pequeña sea la separación angular, aśı
por ejemplo: para las separaciones angulares ϕr = ϕ2 − ϕ1 = 5○,15○,22○,30○,45○,60○ y 90○ son
respectivamente: 1,5,0,95,0,79,0,66,0,54,0,47y0,44Å. Este amplio abanico de valores muestra
que mediante variaciones geométricas, no solo asociadas a cambios en los parámetros caracteŕısticos
del anillo sino en las posiciones angulares de las donadoras, es posible obtener complejos moleculares
con rasgos caracteŕısticos diferentes y distintos a los de la molécula natural H2
+ cuyo punto retorno
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fijado por la naturaleza es de 0,530Å, para el estado base, ya que los estados excitados presentan
diferentes valores del punto de retorno. Para demostrar esta afirmación, en la figura 4 se ha graficado
la evolución de la enerǵıa total del sistema en función de la separación entre impurezas para tres
estados diferentes, tanto con campo magnético 0 como con campo magnético de 18,8T (curvas a
tramos). Sin importar el estado se puede observar que el efecto del campo es producir un incremento
de la enerǵıa del sistema.
Figura 4: Evolución de la enerǵıa total del complejo molecular D2
+ con la separación entre impurezas para tres
estados de enerǵıa diferentes: estado base y dos estados excitados. Fuente: Elaboración propia
No obstante, el efecto del campo es más evidente para los estados más excitados, donde la brecha
energética entre la curva con y sin campo para el segundo estado excitado, es casi el doble de la
que presenta el primer estado excitado. Sin embargo, el estado base casi no presenta cambio ante
el incremento del campo. La razón de este resultado, parece estar asociado al hecho de que en
los estados más profundos, el electrón está más fuertemente ligado a las donadoras y la enerǵıa
proveniente del campo, no es suficiente para competir con la enerǵıa Coulombiana atractiva entre
electrón y donadoras. No obstante, para los estados más externos, la distancia promedio entre el
electrón y las donadoras se incrementa, lo que conlleva a que el electrón al estar menos ligado a las
donadoras, pueda responder más fácilmente al campo magnético aumentando la enerǵıa cinética y
por ende la enerǵıa total del sistema, lo cual se evidencia a partir del desplazamiento de la curva de
enerǵıa hacia arriba, es decir, hacia valores de enerǵıa totales positivos. En este proceso se ve que
para el segundo estado no existe un punto de retorno, ya que la enerǵıa total no cambia de signo,
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en tanto que para el primer estado excitado el punto de retorno sin campo magnético corresponde
a una separación de impurezas de 1,3Å y para el estado base es de 0,530Å.
Para hacer más evidente la modificación que sufre el espectro de enerǵıa con el campo magnético,
en la figura 5 se muestra la evolución de diferentes estados de enerǵıa con el campo magnético
aplicado (γ = 6,72T ).
Figura 5: Evolución de la enerǵıa total del complejo molecular D2
+ con la separación entre impurezas para estados
de enerǵıa diferentes con campo magnético. Fuente: Elaboración propia
Los diferentes estados y su notación corresponden a aquellos descritos por Maŕın et al. (2006).
Para entender la notable evolución de las curvas de enerǵıa con el campo magnético, es necesario
tener presente que estas curvas son el resultado de la competencia entre los términos presentes
en el Hamiltoniano (1): El término paramagnético que es proporcional a la intensidad del campo
magnético y al momentum angular M(0,±1,±2, . . . ) y el término diamagnético que es proporcional
al cuadrado del campo magnético. Para valores positivos de M y pequeños valores de campo
magnético, todas las curvas inician con pendiente positiva y paulatinamente su comportamiento
lineal se transforma en parabólico, siendo sus valores de enerǵıa siempre crecientes. No obstante,
para valores negativos de M , la curva inicia siendo lineal pero de pendiente negativa cuando el
valor del campo es muy pequeño, pero llega un momento donde el término diamagnético, que es de
naturaleza cuadrática en el campo, se impone y el comportamiento decreciente de la curva lo torna
creciente. En este caso la curva debe pasar por un mı́nimo para seguir aumentando. Al graficar los
diferentes estados se muestra que la competencia entre el término diamagnético y paramagnético
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con valores negativos de M , conlleva a una alternancia periódica del estado de mı́nima enerǵıa
conocido como oscilaciones Aharanov-Bohm (Timp et al., 1987).
4. CONCLUSIONES
En este trabajo se han estudiado las propiedades del espectro energético de un complejo
molecular D2
+ confinado en un anillo cuántico de sección muy estrecha, razón por la cual fue
posible implementar un modelo simple basado en la aproximación adiabática. Con base en este
modelo, es posible demostrar, mediante cambios de los diferentes parámetros geométricos, que las
caracteŕısticas esenciales de la molécula, como son su longitud de equilibrio, enerǵıa de disociación y
punto de retorno, pueden ser variadas experimentalmente mediante la variación de los radios interior
y exterior del anillo, aśı como de su espesor y de las posiciones radiales y angulares de los centros
de carga fija. Estas variaciones permiten obtener moléculas artificiales mucho más estables, cuyas
propiedades esenciales difieren sustancialmente de su análogo tridimensional clásico, representado
por la molécula de hidrógeno simplemente ionizadaH2
+. Adicionalmente, la estabilidad del complejo
molecular puede incrementarse no sólo a través de variaciones geométricas sino en tiempo real a
través de la aplicación de un campo de presión hidrostática o por el contrario, disminuirse al someter
al sistema a la acción de un campo magnético orientado en la dirección de crecimiento.
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of an artificial molecular complex in toroidal quantum rings. Superlattices and Microstructures,
49(3), 258-263.
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Chapter 3
Hydrostatic pressure effects on the
e− + e−, D− and D02 systems
Since the problem of calculating the e−+e− (two electrons) eigenstates was solved in a quasi-
analytically scheme [40], diverse questions have been emerging around the real quantum-
mechanical behavior of molecular complexes such as the D02 and the D− confined in single
and double ring systems [81, 82, 83, 52]. Additionally, establishing the effects of hydrostatic
pressure fields on the molecular complexes spectra was a question of interest. The adiabatic
approximation in connection with numerical techniques has allowed to answer some of these
questions in the works presented in this chapter. The D02 molecular complex is really inter-
esting and versatile since it can be reduced in our model to the D− and e− + e− systems by
moving away one and two of the charge centers, respectively. This fact allowed us to compare
the results obtained in this thesis with the results previously reported by other authors. We
found an excellent agreement and physical consistency of our results and validates indirectly
the adiabatic scheme implemented.
The changes of the energy level-ordering and the crossover among the curves as a function
of the radii and ring-ring separation as well as the hydrostatic pressure and magnetic field
of a two-electron system in vertical coupled nanorings, are discussed in the contribution
entitled: "Two-electron energy levels in coupled nanorings: the hydrostatic pressure and
magnetic field effects" [84]. In the contribution: "Hydrostatic pressure and magnetic field
effects on the energy structure of D− ion confined in a toroidal quantum ring" [85] is studied
the changes of the energy states as a function of the center line radius, donor position, and
magnetic field for different values of the hydrostatic pressure. The changes of the energy of a
two-hydrogenic molecule with external hydrostatic pressure fields is calculated in: "Molécula
hidrogenoide alineada entre dos anillos cuánticos concéntricos" [86]. The complementary
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work: "Double-Donor Energy Structure in Concentric Quantum Rings under Magnetic Field
and Hydrostatic Pressure" [64] analyzes the D02 ground state energy as a function of the
outer center line radius and magnetic field strength for different values of the hydrostatic
pressure. Finally, it is presented the contribution: "States of an on-axis two-hydrogenic-
impurity complex in concentric double quantum rings" [63] in which a comparison between
the set of D0 energies in a spherical quantum dot obtained by other authors and our reduced
D0 system in a horn-torous is done. Also, the D02 binding energy as a function of the outer
center line radius is discussed.
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Abstract
The energy spectrum of two electrons spatially separated in two vertically 
coupled quantum rings under hydrostatic pressure and magnetic field is 
calculated. In order to study the two-electron properties, the adiabatic 
approximation is used by considering quantum rings with square cross-
sections. The changes of the energy level-ordering and the crossover among the 
curves as a function of radii and ring-ring separation as well as the hydrostatic 
pressure and magnetic field are discussed. The effects related to the geometry 
of the rings as well as the external fields on the crystal Wigner formation 
are analyzed. Additionally, it is checked that the present results are in good 
agreement with those previously obtained for the limit cases corresponding to 
zero ring-ring separation and rings of equal center line radius. 
----------Keywords: two electrons, vertically coupled quantum rings, 
energy spectrum, hydrostatic pressure 
Resumen
Se calcula el espectro de energía dos electrones espacialmente separados en 
dos anillos cuánticos acoplados verticalmente bajo los efectos de presión 
hidrostática y de campo magnético. Para el estudio de las propiedades 
del sistema bi-electrónico se usa el método de aproximación adiabática 
considerando anillos cuánticos de sección transversal cuadrada. Se discuten 
*  Corresponding author: Jairo Humberto Marín, e-mail: mrfulla@pascualbravo.edu.co
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los cambios en el ordenamiento de los niveles energéticos y el cruce entre las 
curvas como función de los factores geométricos más relevantes como son 
los radios y la separación entre anillos, así como la influencia de la presión 
hidrostática y del campo magnético.  Se muestra el efecto de la geometría de 
los anillos así como el efecto de los campos sobre la formación de cristales 
de Wigner. Adicionalmente se comprueba que los resultados están en buen 
acuerdo con aquellos obtenidos para casos límites como son separación nula 
entre anillos y radios iguales. 
----------Palabras claves: dos electrones, anillos acoplados 
verticalmente, espectro energético, presión hidrostática
Introduction
The rapid development in crystal growth 
technology have made possible to fabricate 
quantum dots (QDs) in different shapes [1, 
2] such as, lenses, pyramids, disks and rings. 
The QDs profiles define different confinement 
potentials, which are used in the laboratory to 
research the accuracy of some approximated 
methods employed in the few-particle theory. 
Among the wide variety of QDs obtained 
experimentally, undoubtedly the quantum rings 
(QRs) have triggered the major interest because 
of the existence of an axially symmetric hole 
providing us different properties impossible to 
generate in other nanostructures. Particularly, the 
ground state electron confined into very narrow 
QRs as a function of the threading magnetic 
field strength undergoes the so-called Aharanov-
Bohm oscillations (AB) [3, 4] whose period may 
be modified in QRs with non-homogenous cross-
section [5-7] or by changing the QR center line 
radius [5-7]. 
Owing to the experimental creation of 
semiconductor quantum dots (QDs), a fascinating 
branch in physics has emerged linked to the 
electrons confined in low-dimensional systems. 
From the theoretical point of view, the interest 
on these systems is related with the purpose to 
understand the fundamental physics of few-
particle systems in connection with the electronic 
interaction under the presence of external probes, 
such as hydrostatic pressure and electro-magnetic 
fields. The main reason for this interest is that the 
electron-electron interaction in semiconductor 
nano-structures plays an important role in the 
optical and electrical transport properties at 
cryogenic temperatures.  
The two-electron system is the simplest model 
that provides an excellent testing ground for 
various approximation methods, which are 
commonly used to analyze the correlation 
effects.  This problem has been of interest almost 
since the advent of quantum mechanics and has 
been deeply studied for atoms and ions, such as 
H-, He, Li+, etc., where the two electrons in these 
actual systems are kept by Coulomb confining 
potential. In recent years, the interest in this 
problem has arose again in connection with the 
study of the behavior of two electrons confined 
in quantum dots (QDs) where the Coulomb 
interaction is supplanted by  a confinement 
potential. Different methods and models [8-
13] have been used to investigate the energy 
spectrum and the electron-electron correlation 
effects in a quantum dots under the effect of 
an applied magnetic field.  For instance, finite-
differences [8], exact diagonalization within the 
effective-mass approximation [9], variational 
method [10], adiabatic approximation [11] and 
exact numerical methods [12-13] by considering 
two electrons into one [12] or two separated one-
dimensional (1D) quantum rings (QRs) [13].
In the last few years, the fabrication of vertically 
stacked arrays of InAs self-assembled QDs have 
been reported [14]. These systems have shown to 
be more interesting than the isolated QDs because 
the ring-ring distance provides an additional 
degree of freedom to control the few-particle 
168
Rev. Fac. Ing. Univ. Antioquia N.° 73. December 2014
energy spectrum which allows to explore new 
regimes of molecular physics [15] and improves 
the performance of optical devices trough the 
quantum coupling between dots.  In this context, 
we consider significant to explore the effects 
bound up with two electrons spatially separated 
in coupled QRs with vertical alignment under the 
hydrostatic pressure and magnetic field effects. 
In figure 1 we display a 3-dimensional picture 
for two vertically stacked QRs each one of them 
harboring an electron which is confined by a 
hard well confinement potential.  In the present 
contribution, we propose a simple method based 
on the adiabatic approximation to calculate the 
two spatially separated electrons energy structure. 
Brief Summary of model
In the effective-mass approximation, the two-
electron Hamiltonian under the effects of 
hydrostatic pressure, P and z-direction magnetic 
field B⃗, can be written in cylindrical coordinates 
(ρ,φ,z) as shown in eq. (1a)
  (1a)
Where the one-electron Hamiltonian H0 (r⃗ j
 ) and 
electron-electron distance |r⃗ 2
 -r⃗ 1| are defined in 




where r⃗ 1 and r⃗ 2 are the vector electron positions 
of electron 1 (e1) and electron 2 (e2), respectively 
(see Fig. 1). Vj
 (ρj ,zj ) is the j-electron confinement 
potential, equal to zero and infinite inside and 
outside the QR, respectively. The quantum ring 
geometrical parameter are defined trough the 
width W and the center line radius R1 (lower 
quantum ring) and R2 (upper quantum ring).  The 
coordinate’s origin system has been located at the 
symmetry center of the lower QR. 
Figure 1 Pictorial view of two vertically coupled quantum rings considered in the present work. The geometry of 
the problem is also described being R1 and R2 the center line radii for lower and upper ring, respectively and d is 
the distance between rings
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The effects of the hydrostatic pressure applied on 
the QRs have been included through the pressure 
dependence on the QR dimensions [16]: (height 
W(P), inner and outer center line radii R1,2(P)). 
These dependences are given trough the eq. (2) 
and eq. (3):
 W(P) = W(0)[1-(S11+2S12)P]
1/2 (2)
 Rj (P) = Rj (0) [1-(S11+2S12)P]
1/2 (3)
Where W(0) and Rj the QR height and center line 
QR radii without pressure applied, respectively. 
S11 and S12 are the GaAs compliance constants. 
The hydrostatic pressure effects on the electron 
effective mass and dielectric permittivity are 
given by eq. (4) and eq. (5), respectively:
 (4)
 ε(P)=12.74exp[-16.7*10-4P-6.7*10-3] (5)
where m0 is the free electron mass and Eg(P) is 
the pressure dependent GaAs band gap in meV, 
which is given by eq. (6):
 Eg
Γ (P)=1519.4+10.7P (6)
In this work, kbar units are used in order to 
measure the hydrostatic pressure effects.  The 
remaining parameters present in the above 
equations are according to reference [16].
By following the well-known results obtained by 
A. M. Elabsy [17] which demonstrated that the 
addition of the electron charge image term on the 
energy structure in semiconductor quantum wells 
increases the energy values in only one tenth of meV 
respect to the same model without considering the 
charge image term. Therefore and following others 
authors [18-21], we have considered in Hamiltonin 
(1) the bare electron-electron interaction. This 
repulsive Coulomb interaction in the Hamiltonian 
(1) makes impossible to find an exact solution, 
in consequence, an approximated method should 
be implemented. On this subject, in Ref. [22] to 
analyze the A-B oscillations in concentric DQR 
has considered inner and outer center line radius 
equal to 83nm and 97nm, respectively.  Besides, 
the experimental data about QRs have reported a 
height approximately equal to 2nm.  With the above 
mentioned set of data, we can realize preliminary 
calculations based on the uncertainty relation 
to categorize the kinetic energy contributions in 
Hamiltonian (1). The kinetic energy (K) in radial 
(ρ) or axial (z) directions varies with ~1⁄4Rt
2 )
(Kρ,z~1⁄16) while the rotational energy around 
the z-axis varies with ~1/R212
 ) (Kφ~1⁄(83)
2) 
for inner ring or (Kφ~1⁄(97)
2) for outer ring. 
Therefore, the ration between two energies Kρ,z
 ⁄ 
Kφ for an electron into lower and upper quantum 
ring is approximately equal to 430 and 590, 
respectively. These results allow us to assure the 
applicability of the A.A in order to separate the 
slow rotation electron motion from the in plane 
rapid electron one. The A.A has yet to be shown 
to be a practical procedure for several nano-rings 
[23-25] because it is possible to reproduce the 
data for limit cases and from computational point 
of view is simpler than matrix diagonalization 
and variational methods. By following the model 
developed by Gutiérrez and co-workers [23] to 
reduce the D2
+ 3-D Hamiltonian as well as the 
above mentioned facts and the substitution ρj=Rj 
+ ρj̃ with normalized coordinates ρj̃ taking values 
between -W⁄2 and W⁄2, allows us to reduce the 3-D 
Schrodinger equation (1) to the following eigen-
value problem described by means of eq. (7a)
 (7a)
Where the meaning of the terms 〈ρj2 〉 and Ũee (φ2-
φ1) defined in eq. (7b) and eq. (7c), respectively, 
make reference to average values and they are 
discussed extensively in references [23-25].
 (7b)
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 ) and E0 are the exact wave 
function and the corresponding electron energy 
in a two-dimensional square quantum well with 
infinite barrier potential related to the electron 
motion along the cross-section. The eigen-
values E of the two-particle one-dimensional 
Schrodinger equation with Hamiltonian (7) can 
be solved by following the standard process, i.e., 
by using the center-of-mass Θ=(R1
2 φ1+R2
2 φ2) ⁄ 
(R1
2+R2
2) and relative coordinates φ=φ2-φ1, which 
allows us to rewrite the Hamiltonian (7) as shown 
in eq. (8):
 H=Hc+Hr (8)
Being Hc and Hr the center-of-mass and relative 
terms, respectively. The exact eigen-values for 
center-of-mass term are given by eq. (9):
 (9)
Where M=0,±1,±2,… while the eingen-
values of the operator Hr denoted by Er(m,s) 
should be obtained numerically by solving the 
corresponding one-dimensional Schrodinger 
equation given by eq. (10):
  
  (10)
being m=0,±1,±2… The quantum numbers M and 
m define the center-of-mass and the two-electron 
relative angular momentum, respectively while s 
= 0 denotes even solutions or singlet states while 
and s = 1denotes the odd solutions or triplet states. 
Results and discussion
Before to display and carry out the discussion 
about the results obtained in the present work, it 
is pertinent to mention the way of denoting the 
two-electron total energy levels in QDs. In this 
work we use the same short notation a,b,c,…,etc 
whose corresponding quantum numbers (M,m,s) 
are listed in table 1.
Table 1 Energy levels of two electrons in quantum rings and renormalized energy for the 
limiting cases of Ref. [12]. The results were obtained at zero magnetic field and hydrostatic 
pressure. The energy unit employed in this table is the effective Rydberg Ry
*=5.93 meV and 
effective Bohr radius a0
*=100Å
















a R2 E(0,0, 0) 1.72 1.73 i R2 E(1,3,1) 11.90 11.90
b R2 E(1,1, 1) 2.23 2.23 j R2 E(3,1,0 ) 12.41 12.41
c R2 E(0,2,1) 3.61 3.62 k R2 E(2,2,0) 13.40 13.40
d R2 E(2,0,0) 3.72 3.73 l R2 E(0,4,1) 15.71 15.71
e R2 E(1,1,0) 4.06 4.12 m R2 E(4,0,0) 13.18 13.18
f R2 E(2,2,1) 5.62 5.62 n R2 E(1,3,0) 16.19 16.21
g R2 E(0,2,0) 6.22 6.23 o R2 E(3,3,1) 15.90 15.90
h R2 E(3,1,1) 6.33 6.38 p R2 E(4,2,1) 15.92 15.92
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We have checked the quality of the method 
employed in this work by comparing our results 
in the limit cases (d→0 and W→0) with those 
results reported in Ref. [12]. In order to compare 
the results, we have calculated the renormalized 
energy {R2 E(M,m,s)} with the same effective 
units than Ref. [12] (effective Bohr radius and 
effective Rydberg) for two different radii: 1a0
*= 
10 nm (levels (a) to (h)) and 4a0
*=40nm (levels 
(i) to (p)). A rapid glance allows us to observe an 
excellent agreement between both set of results 
for a single QR.
The total energy E(M,m,s) as a function of the 
magnetic field strength is displayed in figure 2 for 
quantum rings with height W=20 Å,  zero ring-ring 
separation and zero hydrostatic pressure applied, 
for outer QR center line radius R2=400 Å with 
inner QR center line radius R1=375 Å and R1=300 
Å are shown in upper panels from left to right. 
Figure 2 Low-lying energy levels  for two electrons in vertically stacked quantum rings
The hydrostatic pressure on the low-lying 
energy levels versus magnetic field are shown 
in the lower panels for P=30 kbar with ring-
ring separation equal to zero (left lower panel) 
and 30nm (check this number in Fig. 2) (right 
lower panel). All four graphics in figure 2 
display B-periodic pattern called Aharanov-
Bohm oscillations. This oscillatory behavior 
arises as a consequence of mixing the different 
angular momentum states of the center of mass 
M. An explanation for this remarkable effect 
can be given by comparing the contributions of 
paramagnetic term (~B) and diamagnetic one 
(~B2). In consequence, for small magnetic field 
values, the paramagnetic term predominates over 
diamagnetic one, but this behavior is inverted for 
large magnetic field values, which gives rise to a 
parabolic behavior of the energy having positive 
slope at the beginning when M≥0 or negatively 
slope when M<0. This singular situation is only 
observed both experimentally and theoretically in 
ring-like systems due to the existence of a central 
crater which plays a decisive role in the purpose 
to fabricate novel opto-electronic devices. 
In order to understand the hydrostatic pressure 
effect on the two-electron system in vertically 
coupled QRs it is necessary to take into account 
that non-zero applied pressure yields a reduction 
in the overall system in particular on the center 
line QR radii and the ring-ring separation.  In 
consequence, the electron-electron distance tends 
172
Rev. Fac. Ing. Univ. Antioquia N.° 73. December 2014
to diminish and the repulsive Coulomb interaction 
between them tends to increase. Therefore, the 
hydrostatic pressure effect for the center line radii 
considered in this figure is to rise up the ground 
state energy. For this reason is observed a slightly 
difference between the ground state energy 
levels at zero (left upper panel) and P=30kbar 
(left lower panel). Another important difference 
between these curves is related to the A-B 
oscillations period which increases as measure as 
the hydrostatic pressure applied increases. This 
is because that period grows approximately as 
1⁄(R1
2 (P)+R2
2 (P) ) and the difference between the 
center line radius at non zero and zero pressure 
applied is less than one, i.e., [Rj (P≠0) - Rj 
(P=0)]<1. The geometrical effects on the two-
electron structure may be inferred by collecting 
the left and right upper panels. In this regard, 
the upper panels for d=0 and P=0 corresponds 
to two concentric QRs, it is possible to observe 
that the greater are difference between QR center 
line radii the greater is the A-B oscillation period. 
This fact can be understood by calculating the 
electron-electron space pair correlation function 
[26] which allows us to demonstrate that the 
electron-electron average distance is greater in 
the configuration described in left upper panel 
than in the right upper panel.  All these arguments 
are also valid to explain the difference between 
the right figures (upper and lower panels) where 
the change between both set of curves is due 
mainly to the major ring-ring separation since 
the hydrostatic pressure only modifies slightly 
the electron-electron energy structure. On these 
curves, the greater is the distance between the 
rings the smaller is the electron-electron repulsive 
Coulomb interaction which yields a diminishing 
in the electron-electron total energy. 
From these two panels is observed the difference 
between the A-B oscillation periods. At the upper 
panel the A-B period is greater than in the lower 
one because the term (R1
2+R2
2) is smaller. 
Figure 3 shows the behavior of the ground state 
for two electrons in concentric QRs (d=0) with 
inner centerline radii R1=R2-2.5nm as the outer 
center line radius varies from 20nm to 80nm 
for three different values of the magnetic field 
strength 0, 0.67T, and 1.34T. The straight lines 
denote the evolution of the ground state energy 
at zero hydrostatic pressure applied while dashed 
lines are at 30 kbar. 
Figure 3 Two-electron ground state energy as a 
function of the outer center line quantum ring radius for 
different values of the magnetic field strength 0, 0.67T, 
1.34T and two different values of hydrostatic pressure, 
zero (solid line) and 30kbar (dashed line)
From this figure is possible to observe for small 
radii of the center line that the electron-electron 
Coulomb interaction is really big since the mean 
distance between electrons is small which is 
responsible of the large values of two-electron 
energy. Nevertheless, for larger QR radii the 
repulsive term tends to disappear in consequence 
the system´s spectrum gradually transforms to 
one corresponding to two independent rigid 
rotors since the electrons are not correlated. This 
behavior is observed for both zero and nonzero 
applied hydrostatic pressure. A remarkable result 
related to the crossovers between solid and 
dashed lines is observed at nonzero magnetic field 
strength. It is a consequence of the diamagnetic 
term in the center of mass energy (¼ B2 
〈ρ12+ρ22 〉) which tend to diminish as the hydrostatic 
pressure increase since the overall system shrinks 
its dimensions decreasing the total energy.
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The effect of ring-ring separation on the total 
energy is shown in figure 4. 
Figure 4 Two-electron ground state as a function 
of the outer center line quantum ring radius for two 
different values of the ring-ring separations 0, and 
30nm for two different values of hydrostatic pressure 
zero (solid line) and 30kbar (dashed line)
For small outer center line radius, the smaller is 
the ring–ring separation the greater is the two-
electron total energy both at zero and 30kbar 
of pressure applied. It is due to strong electron-
electron correlation. Nevertheless, for outer 
center line radius greater than 75 nm the electron-
electron repulsive term decrease substantially and 
the all curves asymptotically tend to merge into a 
single one which corresponds to two independent 
rigid rotors.
In figure 5, we display the evolution of the 
renormalized energy (R2 E) as a function of the 
outer center line radius. In order to understand 
this figure is necessary to take in mind that the 
all curves are result of the strong competition 
between the renormalized kinetic energy 
(R2Kinetic Energy ∝  = 1) and renormalized 
potential energy (R2Potencial Energy ∝  = R). 
These dependences with the outer center line 
radius can be easily observed from Hamiltonian 
(1). In consequence, for large values of the outer 
quantum ring center line radius the renormalized 
potential energy predominates on the 
renormalized kinetic energy and the curves tend 
to be quasi linear and the two-electron system tend 
as crystal like system while for small values of the 
center line radius, the renormalized kinetic energy 
predominates on the renormalized potential energy 
and the system is similar to gas with independent 
electrons. The dependences of the renormalized 
terms of the total energy with the center line 
radius is responsible for the intersections between 
different curves observed in figure 5. We have 
plotted the renormalized energy by following the 
same reasons described in references [12-13]. In 
this case the potential energy is proportional to 
outer center line radius R while the kinetic energy 
is approximately independent of this parameter. 
We can see from the curves displayed in figure 5, 
for small values of the outer center line radius the 
slopes of the curves are changing. This fact shows 
the predominance of the renormalized kinetic 
energy on the renormalized repulsive Coulomb 
interaction. Nevertheless, this situation tends 
to invert as the outer center line radius tends to 
increases because the slopes of the curves tend to 
be constant which demonstrates the predominance 
of the renormalized potential energy. The constant 
value of the slope in the renormalized energy 
curves is an indicator of an ordered system where 
the repulsive Coulomb´s energy predominates 
over the kinetic energy. This ordered configuration 
reached by the two-electron system is usually 
called as Wigner crystal.
Figure 5 Renormalized total energy as a function of 
the outer center line radius for different states
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Conclusions
We have studied some properties of the energy 
spectrum for electrons spatially separated and 
constrained to move in two vertically stacked 
toroidal quantum rings with square cross-section 
and different center line radii.  We show that two-
electron energy spectrum is strongly dependent on 
the external probes and geometrical parameters. 
In this regard, for small outer center line radius 
the predominance of the kinetic energy over 
the potential one allows us to obtain a disorder 
system similar to gas while the predominance of 
the potential energy over the kinetic one makes 
possible to obtain the ordered system similar to a 
crystal with only two electrons. These results are 
in good agreement with those previously reported 
for two electrons in one-dimensional rings. 
Additionally, the external probes, magnetic field 
and hydrostatic pressure, tend to modify the 
two electron energy spectrum. In general, the 
application of hydrostatic pressure enhances the 
total energy due to the increasing of the electron-
electron repulsion while the magnetic field yields 
a periodic oscillation of the two-electron ground 
state by increasing the magnetic field strength. 
This well-known effect is usually named as 
Aharanov–Bohm oscillations. 
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Abstract
The energy structure of a D- ion, that is two electrons bound to a fixed donor 
impurity, imprisoned in a toroidal quantum ring is calculated as the full 
system is simultaneously under the presence of hydrostatic pressure probe 
and threading magnetic field. With the purpose of studying the D- energy 
properties; we have assumed very narrow quantum rings which allow us to use 
the well-known adiabatic approximation in order to decouple the fast motion 
in radial and axial direction from the slow rotational motion. The changes of 
the energy level-ordering and the crossover among the curves as a function 
of center line radius, donor position, and magnetic field are calculated for 
different values of the hydrostatic pressure. Finally, we contrast the results 
with those previously reported for limit cases. From these comparisons it is 
possible to establish an excellent agreement among the different results which 
allow us to show the quality of the model implemented in the present work. 
----------Keywords: Ion D–, quantum ring, energy spectrum, hydrostatic 
pressure, Wigner´s crystal  
Resumen
Se calcula la estructura de energía de un ión D-, es decir dos electrones 
ligados a una impureza donadora fija, encarcelada en un anillo cuántico 
toroidal cuando el sistema completo está simultáneamente bajo la presencia 
de un campo de presión hidrostática y de un campo magnético. Con el 
* Autor de correspondencia: teléfono: + 57 + 4 + 4309327, correo electrónico: jhmarca65@gmail.com (J. Marín)
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propósito de estudiar las propiedades del ión D-, nosotros asumimos que 
los anillos cuánticos son muy estrechos, lo cual nos permitirá usar la bien 
conocida aproximación adiabática para desacoplar el movimiento rápido 
en direcciones radial y axial del movimiento lento de rotación. Se estudian 
los cambios en el ordenamiento de los niveles y el cruce entre las curvas 
como una función de la línea central del anillo, posición de la donadora, y del 
campo magnético para diferentes valores de presión hidrostática. Finalmente, 
nosotros comparamos los resultados con aquellos previamente reportados 
para casos límites. A partir de estas comparaciones es posible establecer un 
excelente acuerdo entre los diferentes resultados, lo cual demuestra la calidad 
del modelo implementado en este trabajo.
----------Palabras clave: Ión D-, anillo cuántico, espectro energético, 
presión hidrostática, cristal de Wigner 
Introduction
The rapid progress in semiconductor growth 
technology has made possible to fabricate quantum 
dots (QDs) [1, 2] with diverse morphologies: 
lenses, discs, conical pyramids, camel domes, 
and rings, mainly. These semiconductor 
nanostructures are characterized by well-
defined interfaces and very small height-to-base 
aspect ratio. Typical values for QD´s height and 
base radius are 3 nm and 70 nm, respectively 
[3].  Taking into consideration the fact that 
de Broglie wavelength of an electron is much 
greater than QD´s dimensions, these particles 
are confined in all three directions which yield 
a quantization of electron energy states.  These 
electronic energy levels are strongly dependent 
upon both morphology and size of the QDs. In 
consequence, the more distinctive features have 
the QDs, the better it will be the possibilities to 
make up the electron energy spectrum. This fact 
can be exploited in favor of tailoring the QD 
carrier opto-electronic properties according to 
the engineering potential applications. For these 
reasons, the QDs in a ring-shape usually named 
quantum rings (QRs) [4] have attracted great 
deal of attention in the last few years, because 
its singular but non trivial topology related to the 
central crater offer us diverse possibilities to study 
different quantum effects impossible to achieve 
in other nanostructures. For example, the QRs 
allow us the observation of persistent currents as 
well as the Aharanov-Bohm and quantum Hall 
effects [5, 6]. 
In the last few years, A. Lorke and co-workers 
[3] by using self-assembled crystal growth 
method have reported the fabrication of in-
plane InGaAs QRs spatially separated. This 
finding has motivated numerous theoretical and 
experimental works which have been undertaken 
in order to obtain the electron energy structure as 
a function of the QRs geometrical parameters and 
the external fields. Different types of calculation 
methods [7-9] have been implemented for 
this purpose, for instance perturbation theory, 
variational method, exact matrix diagonalization, 
and finite elements. These methods have shown 
be mathematically and computationally a bit 
cumbersome and quite heavy. 
Despite the donor or acceptor impurities in 
semiconductor nanostructures can largely affect 
the carrier electro-optical and kinetic properties, 
to the best of our knowledge, works that calculate 
the energy spectrum of neutral and ionized donor 
impurities in toroidal QRs under external probes 
such as hydrostatic pressure and magnetic field are 
really scarce or not addressed in detail in literature. 
It is due the energy structure calculations become 
really hard because the greater is the number 
of particles into the QRs and the external fields 
applied on this nanostructure the heavier are 
the calculations.  In consequence, the simplest 
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few-particle system that can be studied under 
conditions of strong confinement and external 
probes is the negative ionized donor (D-) [10-15]. 
This ionized impurity has an analogue in atomic 
physics which is the negative hydrogen ion 
H- [16]. The ion D- both in semiconductor bulk 
crystal as an isolated system is characterized by 
having only one bound state which corresponds 
to spin-singlet configuration. Nevertheless, D- 
ion in semiconductor nanostructures can present 
a novel electronic structure with different bound 
excited states as a consequence of the electron 
strong confinement. This fact could be used to 
innovative opto-electronic devices with novel 
properties. For this reason in the last few years, 
there is an increasing interest in this system. 
Taking into account that D- is compound by two 
electrons bound to one positive charged center, 
we can use this system as a starting point to 
analyze the role played by the electron-electron 
correlation effects in many particle problems. 
In spite of several studies on  ion confined in 
quantum dots [10-13] and quantum wells [14-
15] have been reported in the last few years, 
experimental and theoretical researches over D- 
ions energy structure in quantum rings under the 
presence of external probes are really scarce. The 
above mentioned physical facts, as well as many 
others, have motivated us to analyze the D- under 
strong confinement conditions. In this regard, we 
propose a simple model in which the two electrons 
are imprisoned in a toroidal quantum ring while 
the positive charged center is fixed in any point 
on symmetry axis perpendicular to the quantum 
ring plane. The full system is under the influence 
of the external probes: hydrostatic pressure and 
threading homogeneous magnetic field. In figure 
1 we present a pictorial image of the system 
studied in the present work. The left image in 
figure 1 represents the three dimensional toroidal 
quantum ring. The QR considered is engendered 
by revolving around the z-axis a rectangle of 
height L and width W. The QR’s rectangular 
cross-section and the z axis are taken to lie on the 
same plane. The QR is limited by two cylindrical 
surfaces with inner radius RI, and outer radius 
RO, respectively. The positive charged center 
is located at the point (0.0,ξ) while →r1 and 
→r2 
represent the electron vector positions. The right 
image in Figure 1 corresponds to QR rectangular 
cross-section which has been drawn in order 
to define the most representative geometrical 
parameters of QR: inner radius (RI ), outer radius 
(RO), and center line radius (RC=(RO+RI
 ) ⁄ 2). ρ 
denotes the electron cylindrical coordinate while 
the vertical and horizontal arrows are used in 
order to represent the existence of the external 
probe corresponding to the hydrostatic pressure. 
Figure 1 Pictorial view of a D- ion in a toroidal quantum ring under the presence of magnetic field and hydrostatic 
pressure 
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Theoretical framework
In the effective-mass approximation, the D- center 
Hamiltonian under the effects of hydrostatic 
pressure, P and z-direction magnetic field 
→
B, can 
be written in cylindrical coordinates (ρ,φ,z) as 
described in Eq. (1a):
  (1a)
Where the one-particle Hamiltonian and the 
electron-electron distance are defined in Eq. (1b) 




where Vj (ρj, zj ) is the j-electron confinement 
potential, equal to zero and infinite inside and 
outside the QR, respectively. The coordinate’s 
origin system has been located at the symmetry 
center of the QR. 
The effect of the applied hydrostatic pressure 
on the QR geometrical parameters have been 
considering in Eq. (2) and Eq. (3) through the 
following analytic functions [17] for height L(P) 
and center line radius Rc(P):
, (2)
, (3)
being L(0) and RI,O,C(0) the QR height and inner, 
outer, center line QR radii without pressure 
applied, respectively. S11 and S12 are the GaAs 
compliance constants. 
The hydrostatic effects on the electron effective 
mass and dielectric permittivity are given by the 
Eq. (4) and Eq. (5), respectively
 (4)
 (5)
where m0 is the free electron mass and Eg (P) is 
the pressure dependent GaAs band gap in meV, 
which is given by Eq. (6):
  (6)
In this work, kbar units are used in order to 
measure the hydrostatic pressure effects.
The corresponding Schrödinger equation for 
Hamiltonian (1) cannot be solved exactly because 
the presence of repulsive electron-electron 
and the attractive donor-electron Coulomb 
interactions.  In consequence, an approximated 
method should be implemented. On this subject, 
for the sake of mathematical convenience and 
taking in mind the realistic QR dimensions 
characterized by center line radii much greater 
than the height, in this work, very narrow nano-
rings are considered in order to use the well-
known adiabatic approximation (AA) [11]. This 
approximation allows us to decouple the electron 
rapid motion in z and radial directions from its 
slow rotational one. By following the same 
procedure described in reference [11], we can 
reduce the 3-Dimensional Schrödinger equation 
into the following 1-Dimensional:
 
  (7a)
being V̅(φ2-φ1 ) the electron–electron average 
potential interaction which is expressed as:
 (7b)
U̅De the total donor–electron average potential for 
both electrons, which is a constant given by:
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where  and E0 are the exact wave 
function and the corresponding eigen-energies in 
an infinite rectangular two-dimensional quantum 
well corresponding to the electron motion along 
the cross-section. The eigen-values E of the two-
particle one-dimensional Schrodinger equation 
with Hamiltonian (7) can be solved by using 
the center-of-mass Θ=(φ1+φ2 )/2 and relative 
coordinates φ=φ2-φ1, which allows us to re-write 
the Hamiltonian (7) as H = Hc+Hr  being Hc and Hr 
the center-of-mass and relative terms, respectively. 
The exact eigen-values for center-of-mass 
term are  
where M=0,±1,±2,… while the eingen-values of 
the operator Hr denoted by Er (m,s)  should be 
obtained numerically by solving the following 
one-dimensional Schrodinger equation:
   
  (8)
being m=0,±1,±2… The quantum numbers M and 
m define the center-of-mass and the two-electron 
relative angular momentum, respectively, while s 
= 0 denotes even solutions or singlet states while 
s = 1 denotes the odd solutions. 
Results and discussion
The evolution of D- total energy E(M,m,s) as a 
function of the donor position for two different 
values of hydrostatic pressure applied P=0 (solid 
line) and P=30 kbar  (dashed line) is displayed 
in Figure 2. The results were obtained by 
considering quantum rings with with L=W=2 nm 
and center line radius Rc=30 nm. Three different 
states were plotted, a [(E(0,0,0)], d [(E(±2,0,0)], 
and f [(E(±2,2,1)].  The notation used in this 
work is according with those previously reported 
in reference [18]. From these curves are possible 
to observe for small values of ξ that the electron-
donor-electron interaction is really predominant. 
Nevertheless, as the on axis donor begins to move 
away from the quantum ring center along the z 
axis and independently of the hydrostatic pressure 
value, the total energy begins to increase. It is due 
to the electron-electron correlation begins to play 
a protagonist role while the attractive Coulomb 
interaction between electrons and donor tend to 
decrease.  For small values of donor position the 
slopes of the curves are really noticeable but this 
behavior tends to disappear for ξ-values greater 
than one effective Bohr radius. The three curves 
for zero pressure applied are in excellent agree 
with those results previously reported in Ref. [11] 
which shows the efficiency of the model used in 
this work to analyze the effects of the hydrostatic 
pressure and magnetic field on the D- energy 
spectrum.
Figure 2 D- total energy E (M,m,s) versus donor 
position ξ for two different values of hydrostatic 
pressure applied P = 0 (solid line) and P = 30 kbar 
(dashed line)
In order to understand the hydrostatic pressure 
effect on D- total energy confined in a toroidal 
quantum ring is necessary to take into account 
that the increasing of hydrostatic pressure applied 
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on the QR tends to reduce the overall size of this 
nanostructure. Therefore, the electron-donor-
electron attractive interaction tends to increase 
which produces a shift down of D- total energy in 
comparison with the same curves for zero applied 
hydrostatic pressure. The D- excited states seem 
to feel much more the hydrostatic pressure effect 
because the separation between the curves for 
non-zero and zero hydrostatic pressure applied 
become much greater than the corresponding 
curves for ground state. In short, the hydrostatic 
pressure yields a differential increasing of the 
D- total according to each D- energy level. In 
order to include another reason by which the 
hydrostatic pressure applied on the quantum ring 
tends to shift down the total energy, we have also 
plotted the total average potential interaction 
(V̅total=U̅De+V̅ (φ2-φ1). This potential is shown in 
Figure 3
Figure 3 The total average potential as a function of 
relative angular position between two electrons
From this curve, we can appreciate that the 
confinement effective potential felt by electrons 
in its rotational motion around the z axis present 
a minimum value in such a way that, the greater 
is the hydrostatic pressure applied on the toroidal 
quantum ring, the deeper is the minimum of 
V̅total (φ). In consequence, when the hydrostatic 
pressure applied over the QR is increased the D- 
energy levels become deeper. This fact is really 
important because it could be possible to modify 
in real time the D- energy spectrum by changing 
only the strength of hydrostatic pressure applied. 
An increasing in the hydrostatic pressure applied 
on QR ensures greater stability of D- against the 
thermal dissociation because the energy levels 
are really deeper in the effective potential well 
described by the figure 3.
D- total energy E(M,m,s)  versus magnetic 
field strength is shown in fig. 4 for quantum 
rings with height W=L=2 nm and Rc = 
30 nm for two different values of hydrostatic 
pressure applied, zero (upper panel) and 
30 kbar (lower panel), respectively.
In order to understand the behavior of the curves 
presented in figure 4, it is necessary to say that they 
are result of the strong competition between the 
paramagnetic term (~ B) and diamagnetic one (~ 
B2). The curves with positive center mass angular 
momentum (M≥0) present a positive slope for 
all range of values of the magnetic field strength 
applied to the QR. Nevertheless, those curves with 
negative center mass angular momentum (M<0) 
present a negative slope only for very small values 
of the magnetic field where the paramagnetic term 
predominates over the diamagnetic one. However, 
there is a minimum point where each energy level 
changes this behavior being the slope positive due 
to the primacy of the diamagnetic term over the 
paramagnetic one. In consequence, the D- energy 
spectrum presents a B-periodic pattern named 
Aharanov-Bohm oscillations.  This particular 
behavior can only be observed in quantum dots 
in ring-shape under threading magnetic field due 
to the existence of a central hole which plays 
a decisive role in the purpose to fabricate novel 
opto-eletronic devices. 
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Figure 4. Some D– energy levels E(M,m,s) in 
single quantum ring versus magnetic field applied
We can observe from these curves that the 
hydrostatic pressure applied shift down the 
energy levels. For instance the difference 
between the D- ground state at zero and 
30 kbar of pressure applied is almost equal to 8 
% being this value is really important in order 
to preserve the D- stability and favoring its 
observation at room temperature. The hydrostatic 
pressure effect on the D- energy spectrum 
can be observed by comparing the Aharanov-
Bohm oscillation period at zero and 30 kbar. 
At zero hydrostatic pressure applied the period 
is approximately equal to 0.74 T while at 30 
kbar is the order of 0.8 T being the difference 
between these values once again approximately 
equal to 8%. In this case, the difference is a direct 
consequence of the overall reduction experienced 
by the quantum ring under the influence of a 
hydrostatic pressure probe since this field reduces 
the center line radius of the quantum ring and the 
Aharanov-Bohm oscillation period is inversely 
proportional to the square of this center line 
radius. 
Finally in figure 5, is shown the hydrostatic 
pressure effect on some D- energy levels.  A 
shifting down of the D- energy as a non-zero 
hydrostatic pressure field is applied on the system 
was expected since the electron-donor-electron 
attractive interaction increases as a consequence 
of the overall system size reduction (see figures 2 
and 3). Furthermore, figure 5 shows a noticeable 
effect on excited energy states for small radii 
due to the great electron-electron approaching. 
By increasing the radius systematically, these 
energies are reduced exhibiting a minimal. From 
this point the energy values tend to present a 
quasi linear behavior which could be intended 
as a turning point where the electron-electron 
interaction begins to overweigh the two-electron 
kinetic energy giving rise to a monotonic 
crystallization process in which the two-particle 
system is strongly correlated similar to the so-
called Wigner crystal.
Figure 5 The hydrostatic pressure effect on some D- 
energy levels E(M,m,s) in single quantum ring versus 
center line radius
Conclusions
By using a simple model based on the adiabatic 
approximation is possible to calculate the 
D- the energy spectrum in narrow nano-rings 
under external probes: hydrostatic pressure and 
magnetic field. We show that D- energy spectrum 
is very sensitive to the quantum ring geometrical 
parameters, donor position, and external probes. 
The hydrostatic pressure applied yields a shifting 
down of D- energy levels while the magnetic field 
is responsible to the existence of the Aharanov-
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Bohm oscillations whose period is slightly 
dependent on the hydrostatic pressure applied.
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Resumen
Mediante el uso de un modelo simple basado en la aproximación diab́atica, es posible determinar las carac-
teŕısticas ḿas sobresalientes de una molécula diat́omica homonuclear alineada entre dos anillos cuánticos
conćentricos. La moĺecula tambíen se encuentra inmersa bajo el efecto combinado de los campos externos
y uniformes magńeticos y de presión hidrost́atica. A partir de los resultados se puede demostrar que la
enerǵıa del complejo molecular es muy sensible a los cambios en el tamãno del anillo y a la acción de los
campos externos. Se demuestra que sin alterar las dimensions de los anillos y tomando valores de presión
habitualmente usados en el laboratorio, es posible, en tiempo real, modificar la energı́a de disociacíon del
complejo molecular bi-hidrogenoide en casi un 10 %, lo cual implica tener un sistema ḿas estable frente
a la disociacíon por efectos t́ermicos.
Palabras clave: anillo cúantico, moĺecula diat́omica homonuclear, presión hidrost́atica.
Abstract
By using a simple model based on the adiabatic approximation, it is possible to determine remarkable
features for a homonuclear diatomic molecule aligned in twoconcentric quantum rings. The molecule
is also under mixed effects of external and homogeneous magnetic and hydrostatic pressure fields. The
results allow us to show that the molecular complex energy isvery sensitive to the quantum rings size
change, and the external fields. It is shown that the two-hydrogenic dissociation energy can be modified
in real time and in almost 10 % without changing the quantum rings dimensions. This fact implies having
a more stable molecular complex under the thermal dissociati n effects.
Keywords: quantum ring, homonuclear diatomic molecule, hydrostaticpressure.
1. Introducción
Los avances alcanzados en las técnicas de crecimien-
to de materiales semiconductores a escala nanométri-
ca, han hecho posible la fabricación de puntos cúanti-
cos (QDs) [1,2] con diferentes morfoloǵıas [1,2]: len-
te, disco, piŕamide ćonica, domo de camello y anillos,
principalmente. Estas nanoestructuras semiconductoras
se caracterizan por poseer interfaces bien definidas y
una raźon entre la altura y la ḿaxima dimensíon lateral
⋆ daospinal@gmail.com
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mucho menor que la unidad. Valores tı́picos promedios
para este par de cantidades son del orden de 3 nm y 70
nm, respectivamente [3].
Estas medidas son pequeñas en comparación con la
longitud de de Broglie de los portadores de carga, elec-
trones o huecos, que pueden confinarse dentro de los
diferentes QDs. Por consiguiente, estas partı́culas en un
QD pierden sus tres grados de libertad y quedan con-
finados a un espacio de naturaleza 0-dimensional cuyo
espectro de energı́a es discreto y fuertemente depen-
diente de la morfoloǵıa y tamãno del QD. En conse-
cuencia, cuantos ḿas rasgos distintivos y susceptibles
de manipular posean entre sı́ los QDs mucho mejor,
ya que muchas ḿas posibilidades existirán de configu-
rar su espectro energético de acuerdo a las potenciales
aplicaciones tecnol´ gicas que se les quiera dar [4]. Es-
tas son algunos las razones por las cuales los anillos
cuánticos (QRs) [3], individuales o acoplados, consti-
tuyen actualmente uńarea de investigación muy activa
[3,4,5,6,7,8], ya que la topoloǵıa singular que poseen
estas nanoestructuras asociadas con la cavidad simétri-
ca central, la separación entre anillos o la razón entre
sus radios,permiten tener un mayor control sobre su es-
tructura electŕonica y a la vez posibilitan la observación
de diferentes feńomenos cúanticos, tales como el efecto
Aharanov-Bohm, corrientes persistentes y efecto Hall,
entre otros.
Recientemente, y mediante el uso de técnicas de cre-
cimiento autoensamblado, se han hecho reportes ex-
perimentales que demuestran la existencia de QRs de
InGaAs individuales [3], o acoplados, tanto de modo
conćentrico [5,6] como apilados verticalmente [7]. Es-
tudios téorico-experimentales realizados con uno y dos
electrones en QRs [8,9,10,11], permiten concluir que el
espectro de energı́a es muy sensible a los cambios aso-
ciados con la separación entre anillos, la raźon entre sus
radios y su espesor. Una caracterı́stica general que se
deriva a partir de los ćalculos téoricos realizados has-
ta el momento, usando diagonalización matricial, teoŕıa
de perturbaciones o ḿetodos variacionales, es que son
mateḿaticamente muy complicados y engorrosos, y su
complejidad se incrementa al aumentar el número de
part́ıculas y los campos externos. Quizá seańestas al-
gunas de las razones por las cuales el número trabajos
que buscan analizar el espectro energético de donadoras
hidrogenoides en anillos cuánticos bajo el efecto con-
junto de campos magnético y de presíon hidrost́atica,
sean realmente muy escasos en la literatura cientı́fica.
Los hechos sẽnalados anteriormente, nos han motivado
a implementar un modelo simple tendiente a estable-
cer las caracterı́sticas ḿas prominentes de una molécula
diatómica homonuclear en condiciones de fuerte con-
finamiento en QRs. El sistema a analizar, denominado
D02 y que es similar a la molécula de hidŕogenoH2,
est́a formado por dos electrones obligados a moverse
dentro de dos anillos concéntricos de sección cuadrada,
y dos donadoras espacialmente separadas y localizadas
a lo largo del eje de simetrı́a coḿun de los anillos. Las
donadoras interactúan electrost́aticamente, tanto entre
ellas como con los dos electrones, y estos a su vez en-
tre śı. Adicionalmente, el complejo molecular se some-
te a la accíon simult́anea de un campo magnético y de
un campo de presión hidrost́atica con el fin de analizar
su efecto sobre los rasgos propios de la molécu a como
son su longitud de equilibrio y energı́a de disociacíon.
Una representación esqueḿatica del sistema se muestra
en la figura1.
2. Formalismo téorico
Los anillos usados para el presente análisis se gene-
ran a partir de la rotación alrededor del eje z, de dos
cuadrados id́enticos de ladoh. Los radios medios de ca-
da anillo, correspondientes a la distancia entre el ejez
y centro geoḿetrico de cada uno de los anillos, estando
ambos localizados al mismo nivel, son respectivamente
R1 y R2. En la aproximacíon de masa efectiva, el ha-
miltoniano para el complejo molecular bihidrogenoide
en anillos de GaAs bajo la influencia de un campo~B








(P ) ℘̂j + Vcj(~rj)] + ĤeD(~r1, ~r2, P )
+ĤDD(~ξ1, ~ξ2, P ) + Ĥee(~r1, ~r2, P )












ĤDD(~ξ1, ~ξ2, P ) =
e2
ǫ(P )|~ξ1−~ξ2|





Estos t́erminos corresponden a las interacciones
electŕon-donador, donador-donador y electrón-electŕon,
respectivamente.~Aj es el potencial vectorial en el gauge
de Coulomb,~rj denota las posiciones de los electrones y
~ξj las posiciones de las impurezas donadoras.m∗j (P ) =
m∗(P ) = m0f1(P ) y ǫ(P ) = ǫ0f2(P ) son las masas
efectivas de conducción y la constante diel´ ctrica en
función de la presíon hidrost́atica, respectivamente. Las
formas funcionalesf1(P )y f2(P ) son las mismas que
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Figura 1. Representación esqueḿatica de una molécula diat́omica homonuclear confinada en anillos cuánticos conćentricos. La parte inferior
muestra las secciones del anillo bajo el efecto de la presión.
han usado Akbas y colaboradores en la referencia [12]
conm0 igual a la masa del electrón libre yǫ0 = 13,18.
El potencial de confinamiento electrónico,Vcj(~rj), se
ha tomado cero dentro del anillo e infinito por fuera de
él.
Con el proṕosito de simplificar la escritura del ha-
miltoniano (1), se usaŕan unidades efectivas adimen-
sionales: radio de Bohr efectivoa∗0 = ~
2ǫ0/e
2m∗(0),
Rydberg efectivoRy∗ = e2/2a∗0ǫ0 y el primer nivel de
Landauγ = e~B/2m∗(0)R∗y como unidades de longi-
tud, enerǵıa e intensidad de campo magnético.m∗(0) es
la masa electŕonica de conducción sin presíon aplicada.
Tambíen se tendŕan en cuenta las mediciones estructu-
rales que establecen que el espesor de estos anillos, de-
finido en nuestro modelo porh, es mucho menor que el
radio medioRj , haciendo que el siguiente cambio de
variables:
~ρj = ~Rj + ~̃ρj ; ~̃ρj = ~̃χj + ~̃zj , (3)
permita reescribir el hamiltoniano (1), en su versíon
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ˆ̄Hee(~̄r1, ~̄r2, P )
(4)
siendo





















Las ĺıneas horizontales encima de cada variable u
operador en el hamiltoniano (4) se han colocado como
un elemento distintivo que denota el carácter adimen-
sional de cada variable. La solución de la ecuación de
Schr̈odinger con hamiltoniano (4), hasta donde tenemos
conocimiento, no admite solución exacta, debido a que
la interaccíon coulombiana entre electrones, definida a
través de ˆ̄Hee(~̄r1, ~̄r2, P ), mezcla las coordenadas espa-
ciales electŕonicas. No obstante, es posible hacer uso
de la aproximacíon adiab́atica est́andar para separar el
movimiento electŕonico ŕapido en las direcciones ra-
dial y axial, del movimiento lento de rotación alrededor
del eje z. La aplicación de esta aproximación adiab́ati-
ca [9,10,11] al hamiltoniano (4), permite obtener la si-
guiente ecuación de onda unidimensional para los es-
tados ḿas profundos correspondiente al movimiento de















+Uef (ϕ1 − ϕ1, P ) +
ˆ̄HDD(
~̄ξ1,
~̄ξ2) + 2E0(P = 0).
(7)
Los t́erminos entre corchetes angulares representan
los siguientes valores esperados que se evalúan:
87

































dondeg(j)0 y E0(P = 0) son la funcíon de onda
del estado base y la correspondiente energı́a para un
electŕon en pozo de potencial bidimensional cuadrado
de ladoh. Uef (ϕ1−ϕ2) es un potencial efectivo que ri-
ge el movimiento de rotación electŕonico alrededor del
eje z y śolo depende de la coordenada angular relativa
ϕ = ϕ1 − ϕ2.
Una gŕafica paraUef (ϕ, P ) en funcíon de la coor-
denada angular relativaϕ para diferentes valores de la
presíon, se muestra en la figura2, donde se evidencia
el caŕacter siḿetrico del potencial efectivo y el aumen-
to de la profundidad de este potencial al incrementar
la presíon hidrost́atica. Esto se debe a que la presión
hidrost́atica prioriza el efecto de la atracción coulom-
biana entre donadores y electrones por encima de las
variaciones dimensionales en la sección transversa del
anillo, lo cual conduce a bajar la energı́a electŕonica al
interior del pozo bidimensional cuadrado y por ende a
incrementar la estabilidad de la molécula diat́omica ho-
monuclear, ya que para su disociación se requiere de
una mayor energı́a externa.
El hecho de que el potencial bielectrónico efectivo
presente en el hamiltoniano (7), sólo dependa de la coor-
denada angular relativaϕ, sugiere su uso junto a la coor-





R22) con el proṕosito de llevar a cabo una separación de
variables, lo cual permite escribir finalmente el hamil-
toniano (7) de la forma siguiente:
ˆ̄H(Φ, ϕ) = ˆ̄Hcm(Φ) +






























+ Uef (ϕ, P ). (9c)
Los autovalores del hamiltonianō̂Hcm se obtienen















M = 0,±1,±2 . . .
(10)
Mientras que los autovaloresEr(m, s, P ) del hamil-
toniano relativoˆ̄Hr deben obtenerse numéricamente. El
argumentom = 0,±1,±2. . . y s = ± definen el mo-
mentum angular relativo y la paridad de la función de
onda que es autofunción de ˆ̄Hr. En consecuencia, la
enerǵıa total de la moĺecula diat́omica homonuclear es
E(M,m, s) = Ecm(M) + Er(m, s, P ).
3. Resultados y discusíon
Con el proṕosito de establecer la efectividad del
método implementado y la calidad de los resultados ob-
tenidos, se han calculado la energı́a total del estado ba-
seE(0, 0, 0) y la del primer estado excitadoE(1, 1, 1),
para tres diferentes valores de la separación entre im-
purezasξ = |~ξ1 − ~ξ2| = 1, 100, 1000a∗0. Los resulta-
dos se listan en la tabla N◦1 para un anillo de espesor
h = 1a∗0, R1 = 10a
∗
0, R2 = 20a
∗
0. Esto se hace con
el proṕosito de comparar los resultados de este trabajo
con aquellos obtenidos para un sistema bielectrónico
en anillos de diferente sección transversa [11].
Tabla 1. Enerǵıa molecular total delD02 para
tres valores diferentes de la separación ξ en
comparacíon con la enerǵıa bielectŕonica.
ξ[a∗0] 1 100 1000 2e
−
E(0, 0, 0)[Ry∗] 7.7140.0080.0720.079
E(1, 1, 1)[Ry∗] 8.4160.0120.0740.080
De los valores consignados en esta tabla, se puede
observar como a medida que crece la separación entre
impurezas, los valores consistente y progresivamente,
se asemejan, como debe ser, a los correspondientes va-
lores de enerǵıa del sistema bielectrónico, cuyos resul-
tados se relacionan en láultima columna. Este hecho
es una prueba de que el modelo implementado permite
reproducir los casos lı́mite de manera correcta.
En la figura3 se muestran las curvas de energı́a po-
tencial para el estado base de una molécu a diat́omi-
ca homonuclear alineada entre dos QRs concéntricos
en funcíon de la separación ξ entre impurezas y para
tres valores diferentes de la presión hidrost́aticaP =
0,0, 25, 0 y 35, 0Kbar.
Estas curvas muestran una gran semejanza con la cur-
va de enerǵıa para la moĺecula natural de hidrógeno
[13], la cual se caracteriza por tener un mı́nimo de
enerǵıa o enerǵıa de disociacíon de valor igual a−1,2R∗y
en un puntoξ = 2a∗0 conocido como longitud de equi-
librio. De estas curvas puede verse que independien-
temente de la presión, la longitud de equilibrio es la
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Figura 2. Evolucíon del potencial efectivo con la posición angular relativa para5 valores diferentes de la presión hidrost́aticaP = 0, 4, 8,
12 y 30Kbar.
Figura 3. Enerǵıa del estado base para una molécula diat́omica homonuclear centrada en dos anillos cuánticos en funcíon de la separación
entre donadorasξ para tres diferentes valores de la presión hidrost́aticaP .
misma e igual aξ ≈ 1,92a∗0 la cual es muy similar
al valor que registra la molécula natural. Sin embar-
go, cuanto mayor es la presión aplicada a los anillos
mayor es la energı́a de disociacíon, ya que ḿas pro-
fundos son los ḿınimos de enerǵıa. Estos valores os-
cilan entre−2,23Ry∗ paraP = 0Kbar y −2,39Ry∗
paraP = 35Kbar, siendo estos valores más pequẽnos
que el registardo por la molécua natural. Esto significa
que el incremento de la presión conlleva a una mayor
estabilidad de la molécula artificial obtenida partir de
dos anillos conćentricos y a la posibilidad de generar
moléculas artificiales cuyas propiedades esenciales son
susceptibles de modificar y seleccionar al variar la in-
tensidad del campo de presiones. Este efecto es posible
debido al crecimiento exponencial que sufre la permi-
tividad con la presíon hidrost́atica.
En el recuadro se puede ver com,o a medida que se
incrementa la separación entre impurezas, todas las cur-
vas se fusionan para irse acercando al valor asintótico
correcto de cero cuandoξ → ∞, mientras un compor-
tamiento diametralmente opuesto ocurre cuandoξ → 0
ya que la enerǵıa tiende a crecer ilimitadamente.
En la figura4 se analiza el efecto del tamaño de los
anillos sobre el estado base y primer estado excitado
de enerǵıa. En esta curva se muestra la evolución de la
enerǵıa con los radios de los anillos, donde se ha fijado
la diferencia entre los radios medios de los anillos, de
modo que:∆R = R2 −R1 = 1a∗0.
En esta gŕafica puede verse que todas las curvas, in-
dependientemente del estado y del campo de presión
aplicado, se caracterizan por poseer un valor mı́ni o
de enerǵıa. El caŕacter negativo de la energı́a, para el
rango de valores del radio medio del anillo exteriorR2,
pone de manifiesto el predominio de la influencia atrac-
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Figura 4. Enerǵıa del estado baseE(0, 0, 0) y primer estado excitado(1, 1, 1) para una moĺecula diat́omica homonuclear centrada en dos
anillos cúanticos en funcíon del radioR2 para tres diferentes valores de la presión hidrost́aticaP .
Figura 5. Evolucíon de la enerǵıa de una moĺecula diat́omica homonuclear centrada en dos anillos cuánticos con el campo magnético para
dos diferentes valores de la presión hidrost́aticaP = 0 (a) y P = 35Kbar (b).
tiva proveniente de la interacción donadores-electrones
en el hamiltoniano (4). No obstante, puede notarse que
para pequẽnos valores deR2 se advierte un fuerte cre-
cimiento de la energı́a, debido a un mayor acercamien-
to entre los electrones. Un comportamiento similar se
observa cuandoR2 toma valores por encima de4a∗0,
lo cual se debe a que la interacción donador-electrón
comienza a decrecer debido al aumento de la diatancia
entre las cargas fijas y las móviles. Adicionalmente, se
puede ver que las curvas de energı́a, tanto para el estado
base como primer estado excitado, tiendan a fusionarse
en una sola curva para grandes valoresR2. Este com-
portamiento era de esperarse debido a que la energı́a po-
tencial aumenta de la forma1/R2, independientemente
del estado. Ńotese como a partir de radiosR2 mayores
que 3a∗0 tienen lugar degeneraciones en la energı́a, lo
cual se evidencia en el cruce de ciertos estados como
consecuencia de la disminución en la enerǵıa atracti-
va y el aumento de la presión hidrost́atica. Finalmente,
puede observarse que cuanto mayor es la presión, ḿas
ligado se hace el sistema, ya que menor es la energı́a,
dand́ose un cmportamiento similar al mostrado en la fi-
gura3, lo cual era previsible ya que la diferencia entre
los radios se mantiene constante y aumentar el radio
con separación entre impurezas fija, es de cierto modo,
equivalente a tener radios de anillos fijos y separación
entre impurezas aumentando.
Para completar este an´ lisis sobre el espectro
enerǵetico de la moĺecula diat́omica homonuclear, en
la figura5 se muestra la incidencia del campo magnéti-
co sobre los primeros niveles de energı́a. Estas curvas
se han hecho para dos valores diferentes de la presión
hidrost́aticaP = 0Kbar y P = 35Kbar.
Para comprender estas curvas, es necesario apelar a
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la ecuacíon (10), en donde se ve que existen dos térmi-
nos que dependen del campo magnético. El primero de
ellos es el t́ermino paramagńetico que vaŕıa linealmente
con el campoγ, mientras el segundo, conocido como
diamagńetico, presenta una dependencia parabólica con
γ.
Para valores negativos del número cúanticoM , se ob-
serva que la curva inicia con un comportamiento lineal
de pendiente negativa, hecho que marca un predomi-
nio del t́ermino paramagńetico, pero al incrementar el
campo comienza a ceder importancia frente al término
diamagńetico, el cual se impone haciendo que la curva
de enerǵıa pase por un ḿınimo y luego se incremente
mońotonamente. Este comportamiento se da para todos
los estados conM < 0, lo cual conlleva a la alternan-
cia períodica del estado de ḿınima enerǵıa, dando lugar
a las famosas oscilaciones Aharonov-Bohm. Un aspec-
to sobresaliente de estas curvas es que la presión hi-
drost́atica no modifica la periodicidad de la oscilación
Aharonov-Bohm, pues al comparar las curvas (a) y (b)
se observa que los mı́nimos de enerǵıa, para los diferen-
tes estados, siempre aparecen para los mismos valores
de γ. No obstante, la presión hidrost́atica śı cambia el
valor que alcanza la energı́a en el punto ḿas bajo. Pa-
ra hacer evidente esta afirmación, se han trazado rectas
horizontales a tramos pasando por los puntos de mı́ni-
ma enerǵıa en las curvas (a) y (b), pero en estaúltima,
y para efectos de comparación, se ha dejado la recta
que une los puntos de mı́nima enerǵıa en la curva (a) o
deP = 0Kbar. La separacíon entre las dos lı́neas rec-
tas deja ver claramente que el campo de presión hace
que la enerǵıa se torne ḿas negativa, pues lo niveles de
enerǵıa se bajan en casi un10%. De acuerdo con las
curvas de energı́a 2 y 3, es de esperar que para valo-
res de presión 0 ≤ P ≤ 35Kbar, las variaciones de la
enerǵıa est́en entre0% ≤ ∆E(M,m, s) < 10%, que-
dando claro que estos valores porcentuales son propios
del espesor y radios de los anillos con los cuales se han
realizado las curvas 5(a) y 5(b).
4. Conclusiones
Se ha implementado un modelo simple que per-
mite analizar los rasgos ḿas sobresalientes de una
molécula diat́omica homonuclear en presencia de cam-
pos magńeticos y de presión y su relacíon con las pro-
piedades morfol´ gicas de los anillos. Se ha encontra-
do que es posible manipular el espectro de energı́a y
por ende los valores de la energı́a de disociacíon de la
molécula en tiempo real y en casi un 10 % con relación
a los valores obtenidos en ausencia de campos externos.
Para lograr este objetivo basta con la simple aplicación
de campos presión hidrost́atica con valores 35Kbar, los
cuales son susceptibles de obtener experimentalmente
en un laboratorio. Finalmente, es necesario manifestar
que la aplicacíon de la presíon hidrost́atica al sistema
de anillos dobles favorece la estabilidad de la molécu-
la debido al incremento en la profundidad del potencial
efectivo en direccíon angular.
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para participar en XXIV Congreso Nacional De Fı́sica.
Este trabajo fue parcialmente financiado por el DIME
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A model for an articial hydrogen molecule consisting of two positive on-axis Coulombic centers and two
electrons coupled to them inside a double concentric quantum ring is considered. Such a nanostructure is assumed
to be under the inuence of external probes like hydrostatic pressure and magnetic eld. By using the adiabatic
approximation, the ground state energy is calculated as a function of the outer center line radius and the impurity
Coulombic center separation, for dierent values of the hydrostatic pressure and magnetic eld strength. In contrast
to the single properties imposed by nature on the actual hydrogen molecule, our model allows us to explore a great
variety of properties of the articial hydrogen molecule by changing the ring dimensions. The articial hydrogen
molecule energy structure may be tuned by changing the external eld strengths.
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1. Introduction
A wide variety of semiconductor nanostructures with
dierent morphologies, conning electrons and holes in
all three directions, have been grown in the last two
decades. Among them, the ring-shaped one has attracted
much attention because its singular  but nontrivial 
morphology oers us a unique system to analyze quan-
tum interference eects [1], and to develop novel opto-
-electronic devices [2, 3]. Besides, it is well known that
the presence of impurities in nanostructures modies sub-
stantially the electro-optic and kinetic properties. How-
ever, there are few theoretical researches on the energy
structure of hydrogenic impurities conned in quantum
rings (QRs) [48]. Although there have been several
reports on theoretical works on electrons and holes in
double concentric quantum rings (DCQRs) [9], only very
scarce studies on impurities in such systems have been
already put forward.
Stimulated by these facts, we analyze here an on-axis
two-hydrogenic molecule (D02) conned in DCQRs. We
also assume that this system is under external probes
like hydrostatic pressure and magnetic eld. We address
in detail the incidence of these elds on the D02 salient
features (equilibrium length and dissociation energy) as
well as the eect of the donor position and the QRs ge-
ometrical parameters on the D02 energy structure. This
contribution is organized as follows. In Sect. 2, we ob-
tain the basic formulae from theD02 Hamiltonian by using
adiabatic approximation. Section 3 presents the results
and discussion. Finally, the remarkable conclusions are
summarized in Sect. 4.
2. Theoretical framework
The D02 molecular complex considered here is formed
by two xed and positive Coulombic centers at (0, 0, ξ1)
and (0, 0,−ξ2), that share electrostatic coupling with
two electrons with position vectors r1 and r2. These
electrons are spatially separated and forced to move in-
side two concentric QRs with identical rectangular cross-
-sections whose dimensions are W (QRs width) and L
(QRs height). A schematic plot of D02 in DCQRs is
shown in Fig. 1, where R1 and R2 are the inner and
outer center line radii, respectively. The study takes into
account the inuence of the hydrostatic pressure by in-
troducing the corresponding dependences of the electron
eective mass and the dielectric constant on P (measured
in kbar): m∗(P )/m0 = 0.0665 + 5.7076× 10−4P , ε(P ) =
12.25−0.027P . The ring dimensions change according to
the expression L(P ) = L(0)[1− (S11 +2S12)]1/2, whereas
the radial size is ρj(P ) = ρj(0)[1−2(S11 +2S12)]1/2, and
ξj(P ) = ξj(0)[1− (S11 + 2S12)]1/2.
Fig. 1. Schematic 3D diagram of C02 molecular com-
plex in two concentric quantum rings under hydrostatic
pressure and magnetic eld.
In the eective-mass approximation, the D02 Hamil-
tonian under the eects of hydrostatic pressure, and
z-direction magnetic eld, B, can be written in cylin-
drical coordinates as follows:
(220)
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2 − 2ρ2ρ1 cos(ϕ2 − ϕ1) + (z22 − z21),
|rj(ρj , ϕj , zj)− ξk| =
√
ρ2j + (ξk − zj)
2
. (2.1)
The connement potential V (ρj , zj) is assumed to be zero
(innite) inside (outside) the QR region. The Coulomb
interaction terms appearing in Eq. (2.1) prevent from
obtaining exact eigenvalues. In consequence, an approx-
imated method must be used in order to solve the cor-
responding Schrödinger equation. For this, we can take
into account the structural properties of self-assembled
DCQRs [10]. In accordance, we notice that the height-
-to-center line radius aspect ratio is very small (L/Rj 
1, for j = 1, 2). Taking into account this fact and con-
sidering, for the sake of mathematical convenience, the
situation of very narrow QRs (W/Rc  1), we may use a
numerical procedure based on the adiabatic approxima-
tion (AA) [4, 11]. Firstly, we carry out a rescaling of the
coordinates: ρj = ρ̃jW/2+Rj and zj = z̃jL/2, where the
new dimensionless variables ρ̃ and z̃ take values inside the
QR between −1 to 1. The use of the AA scheme, which is
computationally faster than the diagonalization and vari-
ational methods, allows us to decouple the slow electron
motion along the z-axis from the fast transverse electron
motion within the QRs cross-section. Accordingly, the
equation with a three-dimensional Hamiltonian reduces
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Here, fj(ρ̃, ϕ)gj(z̃, ϕ) is the normalized ground state elec-
tron wave function in an innite two-dimensional square
quantum well whose lowest energy value is E0(ρ̃j , z̃j) =
[π2~2/2m∗(P )](1/L2 + 1/W 2). The dynamics of the
two electrons may be easily described by using center







, and relative angular, ϕ =
ϕ2 − ϕ1, coordinates. In these coordinates, the Hamil-
tonian (2.2) can be rewritten as H = HΘ + HΦ , where
the center-of-mass and relative terms, respectively, sat-
isfy the equations: HΘΨM (Θ) = EΘ(M)ΨM (Θ) and
HΦΦm,s(ϕ) = EΦ(m, s)Φm,s(ϕ). The Schrödinger equa-
tion with Hamiltonian HΘ can be solved exactly, whilst
the other one has to solve numerically with periodic con-
ditions in the region [−2π, 2π] dened by the expres-
sion Φm,s(0) = (−1)mΦm,s(2π). The quantum numbers
M = 0,±1,±2, . . ., and m = 0,±1,±2, . . ., dene the
center-of-mass angular momentum and the two-electron
relative angular momentum, respectively. On the other
hand, s = + denotes even solutions or singlet states,
whilst s = − denotes the odd solutions or triplet states.
3. Results and discussion
In Fig. 2 we show the renormalized eective poten-
tial V̄ = V̄ (ϕ) as a function of the relative coordinate ϕ
for three values of the hydrostatic pressure: 0, 15 kbar,
and 30 kbar, without applied magnetic eld. This po-
tential governs the rotational eects for a hypothetical
particle with reduced mass in the Schrödinger equation
corresponding to the relative term. We can see that the
greater is the hydrostatic pressure applied, the deeper is
the eective potential. This fact is a result of the re-
duction in the overall size of the system, the increase
of the electron eective mass, and the fall in the dielec-
tric constant. All this leads to the reinforcement of the
electron-impurity coupling.
The D02 ground state energy as a function of the outer
center line radius is shown in Fig. 3 for three dierent
values of the hydrostatic pressure. We notice from this
gure that the total energy tends to augment with the
increasing outer center line radius. This is due to the
reduction of the strength of both the attractive interac-
tion between the two-Coulombic centers and the second
electron into the outer QR and the electronelectron re-
pulsive interaction. Nevertheless, the above mentioned
behavior tends to change for very large outer center line
radius (R2 > 400 nm) because the slopes for all three
curves tend to be zero. In these cases, the second QR
is far enough from the rst ring and the impurities. For
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Fig. 2. Renormalized eective potential of D02 in a
GaAs double concentric quantum ring as a function of
the relative angular coordinate ϕ.
this reason, the D02 energy tends asymptotically to the
D+2 ground state energy. In consequence, by increasing
the outer center line radius we are able to analyze the
dissociation process: D02 → D+2 + e−. We can also notice
that the eect of a nonzero applied pressure is to lower
the ground state energy.
Fig. 3. D02 ground state energy as a function of the
outer center line radius for three dierent values of the
hydrostatic pressure: 0, 15, and 30 kbar. The inset
shows the curve behaviors for larger values of the outer
center line radius.
In Fig. 4, we display the results of D02 calculation
of ground state energy as a function of the separation
between the Coulombic centers, for dierent values of
the hydrostatic pressure (P = 0, 15 kbar, and 30 kbar
 part (a)) and dierent values of the magnetic eld
(B = 0.2 T, and 3.4 T  part (b)). These curves present
an actual H2-like behavior, because the all have deep
minima for impurity separation distance equal to 20 nm.
Indeed, the salient features of the actual H2 complex are
predetermined by the nature, but the salient features of
D02 may be changed by modifying the external strength
elds applied on the DCQR as well as the QR's geometri-
cal parameters. On the one hand, the increase of the hy-
drostatic pressure yields values of the dissociation energy
much greater in comparison with those of the DCQRs at
zero pressure. In this regard, the increase of the hy-
drostatic pressure allows us to obtain articial molecules
much stable against the dissociation. The inset in the left
part shows that all curves tend to merge as long as the
impurityimpurity separation is large enough. On the
other hand, the increase of the magnetic eld strength
shifts up energy minima, which tends to destroy the D02
molecular complex stability. This happens because the
dissociation energy exhibits a decrease when the mag-
netic eld is turned on. This eect is due to the fact that
a nonzero magnetic eld pushes the electrons toward the
internal QR's wall, forcing them to move faster around
the z-axis. Then, there is an increase of the electronic
kinetic energy which leads to destroying the molecular
identity due to the great competition between the attrac-
tive potential energy and the positive electronic kinetic
energy. Finally, these results illustrate a wide range of
possibilities to tune in real time the D02 dissociation en-
ergy or the stability of this molecular complex by chang-
ing the external probes.
Fig. 4. D02 total energy as a function of the impurity
impurity separation for three dierent values of the hy-
drostatic pressure: 0, 15 kbar, and 30 kbar (a) and for
three dierent values of the magnetic eld strength 0,
2 T, and 3.4 T (b).
The evolution of D02 total energy with the magnetic
eld strength is shown in Fig. 5. The states are associ-
ated with dierent values of the quantum numbers M ,
m, and s.
Fig. 5. D02 total energy as a function of magnetic eld
strength for three values of the hydrostatic pressure: 0,
15 kbar, and 30 kbar.
We have: a → (0, 0, 0), b → (1, 1, 1), −b → (−1, 1, 1),
−d → (−2, 0, 0), −h → (−3, 1, 1), −m → (−4, 0, 0).
The noticeable evolution of these curves is the result of
the strong competition between the paramagnetic term
(term varies linearly with the magnetic eld) and the
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diamagnetic one (term proportional to the square of the
magnetic eld). For instance, when M ≥ 0 all curves are
linear at the beginning with positive slope. When the
quantum number M is negative, the slope of the curve
becomes negative for small values of the magnetic eld
strength. But, then, the parabolic term in B dominates
the competition making the energy to begin a growth
with the magnetic eld. The result is the appearance of
periodic oscillations of the ground state energy known as
the AharonovBohm oscillations. From these gures we
can see that the increase of the hydrostatic pressure yields
a little increase in the oscillation period. This happens
because the period is strongly dependent on the quan-
tum ring size and the hydrostatic pressure modies the
quantum rings dimensions.
Additionally, the hydrostatic pressure shifts down the
ground state energy level. For instance, a pressure
P = 15 kbar lowers the ground state in comparison
with the zero pressure case in ≈ 4%, whilst the pressure
P = 30 kbar lowers the ground state energy in ≈ 8%.
This fact seems to suggest that the D02 ground state en-
ergy decreases linearly with the pressure applied on the
DCQRs, which could not be surprising because a simi-
lar behavior was previously observed in quantum wells
[6, 12]. In order to give an answer to this suggestion, we
plot the ground state energy in Fig. 5 as a function of
the hydrostatic pressure.
The corresponding results are shown in Fig. 6. In this
graphics there is shown that D02 state energy displayed
in Fig. 5 decreases linearly with the hydrostatic pres-
sure applied on the DCQR according to the equation:
Emin−AB = −0.030P − 9.6136.
Fig. 6. D02 ground state energy displayed in Fig. 5 as
a function of the hydrostatic pressure.
4. Conclusions
The salient features of an articial molecule conned in
a double concentric quantum rings have been studied by
using a simple model based on the adiabatic approxima-
tion. The equilibrium length and the dissociation energy
are strongly dependent on the external elds applied as
well as on the double concentric quantum ring geometri-
cal parameters. The application of a magnetic eld tends
to diminish the molecular stability while the hydrostatic
pressure tends to favor the molecular stability. Finally,
an articial hydrogen molecule can be obtained by chang-
ing the geometrical parameters and its energy spectrum
may be tuned in real time by changing the external eld
strengths. This fact allows us to modify the D02 essential
properties in an easy way, and obtain a wide variety of
articial molecules whose properties are actually dierent
from the real hydrogen molecule H2.
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The energy structure of an on-axis two-donor system (D02) confined in GaAs concentric double quantum 
rings under the presence of magnetic field and hydrostatic pressure was analyzed. Based on structural 
data for the double quantum ring morphology, a rigorous adiabatic procedure was implemented to 
separate the electrons’ rapid in-plane motions from the slow rotational ones. A one-dimensional equation 
with an effective angular-dependent potential, which describes the two-electron rotations around the 
common symmetry axis of quantum rings was obtained. It was shown that D02 complex characteristic 
features are strongly dependent on the quantum ring geometrical parameters. Besides, by changing the 
hydrostatic pressure and magnetic field strengths, it is possible to tune the D02 energy structure. Our 
results are comparable to those previously reported for a single and negative ionized donor in a spherical 
quantum dot after a selective setting of the geometrical parameters of the structure.
© 2014 Elsevier B.V. All rights reserved.1. Introduction
Among the wide variety of quantum dots obtainable in the 
laboratory and theoretically studied [1–22], those with a ring-
like shape have been the subject of extensive research [1,13–19,
23–25]. Semiconductor quantum rings (QRs) exhibit a singular but 
nontrivial morphology related to the presence of the central hol-
low region. This unique feature of QRs in comparison with other 
quantum dots makes it possible to design and fabricate novel opto-
electronic devices [1,2], which could have an effect on the devel-
opment of the quantum computing field [12].
The quantum confinement in QRs yields particular properties 
on the charge carrier dynamics. In this regard, an electron forced 
to remain within the QR may appear to be unaffected by the 
boundaries when the dimensions of the QR cross-section are large 
enough, because the electron behaves very much like a particle 
in a three-dimensional space. However, if the electron is forced to 
move into a very narrow QR, without suffering any kind of inelas-
tic scattering, and under the influence of an in-growth-direction 
applied magnetic field, it is possible to observe different quantum 
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0375-9601/© 2014 Elsevier B.V. All rights reserved.effects, such as persistent currents [9], as well as the so-called 
Aharanov–Bohm (AB) oscillations [9], which are strongly depen-
dent on the QR geometrical parameters [26]. It is well known that 
donor impurities under external magnetic fields increase the con-
ductivity by several orders of magnitude. Thence, several papers 
have focused on investigating the properties of hydrogenic impu-
rity energy states in QRs with different cross-section morphologies 
[13–17,22,23]. For instance, the effect of a magnetic field on the 
hydrogenic impurity states confined in QRs was studied by using 
an exact diagonalization procedure [27]. By using the variational 
method, the energy levels for an off-center magneto donor impu-
rity confined in a QR with non-uniform curvature [16] and the en-
ergy structure of off-axis neutral donors in GaAs–Ga1−xAlxAs QRs 
[20] have been calculated. Furthermore, the use of a rigorous adia-
batic approximation (A.A.) [17,18,22,23] in narrow nano-rings has 
allowed analyzing the behavior of neutral and ionized donor impu-
rities as well as the study of single-electron, two-electron and ex-
citonic states confined in QRs with different cross-section shapes, 
and under the influence of external electric and magnetic fields.
After success was achieved in the growth of single self-
assembled QRs [24], Mano and co-workers [25] reported the ex-
perimental formation of concentric double quantum rings (DQRs) 
by using the droplet epitaxial growth method. The structural char-
acterization of concentric DQRs has shown that torus-shaped rings 
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hydrostatic pressure and a homogeneous threading magnetic field.
are highly uniform with respect to the common symmetry axis, 
with a characteristic inner-to-outer radius aspect ratio of around 
45/100 and a height ranging between 2 nm and 4 nm. Chen
et al. [28] considered the smallness of the height of DQRs to be 
flat and very narrow, in order to explore the AB oscillations for 
a Coulomb impurity in concentric DQRs. It was found that the AB 
oscillations are strongly dependent on the position and size of the 
central potential barrier.
Although the presence of neutral and ionized donor impurities 
has been shown to substantially improve the opto-electronic prop-
erties under strong confinement conditions, researches on two-
hydrogenic impurity complexes in concentric DQRs, to the best of 
our knowledge, are very scarce or not addressed in detail in the lit-
erature. Stimulated by this fact and by the reports on experimental 
measurements of InAs QDs under hydrostatic pressure [29], in the 
present paper we calculate the energy structure of on-axis two-
hydrogenic impurities in GaAs-based toroidal concentric DQRs by 
using a rigorous adiabatic scheme. Our calculation evaluates the 
total energy as a function of donor–donor separation, outer cen-
ter line radius, the strength of a uniform magnetic field applied in 
the growth-direction, and the hydrostatic pressure intensity. Limit 
cases are considered in order to establish the suitability of the im-
plemented model.
2. Theoretical framework
Here we consider a system of two concentric QRs which are ge-
ometrically obtained by revolving around the z-axis two spatially-
separated circles of radius Rt , as shown in Fig. 1. The inner and 
outer ring-center lines are R1 and R2, respectively. In each QR 
there is an electron whose motion is restricted to the region lim-
ited by the torus contour due to the hard-wall type potential. 
Additionally, the electrons are electrostatically bound to two on-
axis shallow donor impurities located at the positions (0, 0, ξ1) and 
(0, 0, −ξ2). The two-donor system (D02) analyzed in the present pa-
per is similar to a hydrogenic molecule H2.
The D02 Schrödinger equation in the effective-mass approx-
imation, including the effects of hydrostatic pressure (P ) and 
z-growth-direction magnetic field (B), can be written in cylindrical 
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whereas V j(ρ j, z j, ϕ j) is the electron confinement potential, and 
r j ( j = 1, 2) are the electron vector positions.
We have included the artificial parameters ηk in order to ana-
lyze different limiting cases. Specifically, if η1 = 1, η2 = 0 (and the 
corresponding values of R1 and R2 are finite), the D02 system trans-
forms into an ionized donor D− . A neutral donor configuration can 
be achieved by making η1 = 1, η2 = 0, and R2 → ∞, while the 
two-electron system corresponds to η1 = 0 and η2 = 0.
Following the results reported in Ref. [31], we incorporate the 
effect of the applied hydrostatic pressure on the system through 
pressure-dependent QR dimensions (QR cross-section radius Rt(P ), 
inner and outer radii R1,2(P ), and the impurity axial positions 
ξ1,2(P )) by means of the following functional relations:
Rt(P ) = Rt(0)
[
1 − (S11 + 2S12)P
]1/2
, (2)
R1,2(P ) = R1,2(0)
[
1 − 2(S11 + 2S12)P
]1/2
,
ξ1,2(P ) = ξ1,2(0)
[
1 − 2(S11 + 2S12)P
]1/2
, (3)
Rt(0) and R1,2(0) being the QR cross-section radius and inner and 
outer radii without applied pressure, respectively. In addition, S11
and S12 are the GaAs compliance constants [32].
The applied hydrostatic pressure affects the structural and elec-
tronic properties of the host material. For instance, the conduction 
band energy at the point of Γ -symmetry becomes a function of P
[31,33]. As consequence, the electron effective mass must also be 
pressure-dependent. Likewise, the value of the static dielectric con-
stant changes with pressure. According to the procedure defined in 
Ref. [33], m∗(P ) and ε(P ) can be written as:















ε(P ) = 12.74 exp[−16.7 × 10−4 P − 6.7 × 10−3]; (5)
where m0 is the free electron mass and E g(P ) is the pressure-
dependent GaAs band gap in meV:
E g(P ) = 1519.4 + 10.7P . (6)
In the present paper, we measure hydrostatic pressure in kbar 
units. According to Ref. [31], the remaining parameters presented 
in the above equations are: S11 = 1.16 × 10−3 kbar−1, S12 =
−3.7 × 10−4 kbar−1, Π2 = 28 900 meV, 
0 = 341 meV, and δm =
−3.935.
The Coulomb terms in Eq. (1) prevent us from obtaining ana-
lytical expressions for the eigenstates. Thus, we need to calculate 
the D02 energy structure by means of an approximated method. 
Moreover, the method of choice must also consider the concentric 
DQR structural characterizations, which have shown that the QR’s 
height is approximately equal to 2 nm [24], with inner and outer 
center line radii of about 83 nm and 97 nm, respectively [28]. In 
our model, the QR’s height value is mapped to the circular cross-
section diameter 2Rt . With the above mentioned set of data, we 
performed preliminary calculations based on the uncertainty rela-
tion in order to estimate the kinetic energy contributions in Hamil-
tonian (1). The kinetic energy (K ) in the radial (ρ) or axial (z) 
direction varies according to ∼1/4R2t (Kρ,z ∼ 1/16), while the ro-
tational energy around the z-axis follows ∼1/R2 (Kφ ∼ 1/(83)2), 1,2
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the ratios between Kρ,z/Kφ for an electron in the inner and outer 
ring are approximately equal to 430 and 590, respectively. These 
results allow us to suggest the applicability of the A.A. for sepa-
rating the slow rotational electron motion from the rapid in-plane 
one. The A.A. has proved to be an appropriate procedure to calcu-
late the energy structure of carriers in nano-rings [17,18,23], since 
this calculation scheme makes it possible to reproduce the data 
for limiting cases and, from the computational point of view, it is 
simpler than both the matrix diagonalization and the variational 
methods. To simplify Hamiltonian (1), and following the same pro-
cedure defined in Ref. [30], we have expressed the electron vector 
position as r j = R j(φ j) + ̃ρ j ( j = 1, 2) where ̃ρ j (0 ≤ ρ̃ j ≤ Rt ) 
is the electron position measured with respect to the point Õ j , 
which is located on the center line for the inner ( j = 1) or outer 
( j = 2) quantum ring (see Fig. 1). Provided that R j  ρ̃ j , Hamilto-
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∣∣ f ( j)0 〉,
j = 1,2; (8b)
where f ( j)0 = f ( j)0 ( ̃ρ j) and E0 are the exact ground-state eigen-
function and the corresponding eigenenergy for an electron con-
fined to move in a hard-wall two-dimensional circular quantum 
well. The eigenfunctions f ( j)0 are expressed in terms of Bessel func-
tions. The terms defined in Eqs. (8a) and (8b) denote the electron–
electron and impurity–electron mean effective potentials, respec-
tively.
The one-dimensional rotational motions of the two-electron 
system under the effective potential V (φ2 − φ1), with applied 
hydrostatic pressure and magnetic probes, can easily be ana-
lyzed by using the center of mass and the relative coordinates: 
Θ = R21ϕ1+R22ϕ2
R21+R22
and ϕ = ϕ2 − ϕ1. In this case, Hamiltonian (7)
can be written as H = HΘ + HΦ , where the center-of-mass and 
relative terms, satisfy the equations: HΘΨM(Θ) = EΘ(M)ΨM(Θ)
and HΦΦm,s(ϕ) = EΦ(m, s)Φm,s(ϕ), respectively. The Schrödinger 
equation with Hamiltonian HΘ can be solved exactly. In contrast, 
the last equation has to be solved numerically with periodic condi-
tions in the region [−2π, 2π ] defined by the expression Φm,s(0) =
(−1)mΦm,s(2π). The quantum numbers M = 0, ±1, ±2, . . . and 
m = 0, ±1, ±2, . . . define the center-of-mass angular momentum 
and the two-electron relative angular momentum, respectively. 
s = + denotes the even solutions or singlet states while s = −
denotes the odd solutions or triplet states. The D02 total energy 
in terms of the quantum numbers can be written as E(M, m, s) =
EΘ(M) + EΦ(m, s).
3. Numerical results and discussion
To the best of our knowledge, the energy structure of a D02 sys-
tem confined in a concentric DQR under both hydrostatic pressure 
and a magnetic field is not available in the literature. As a con-
sequence, in order to establish the accuracy and reliability of the Fig. 2. Comparison between the set of D0 energies in a spherical quantum dot 
(dashed lines and empty symbols) and a quantum horn torus (solid lines and black-
filled symbols) as a function of the spherical quantum dot radius. The D0 binding 
energy, the electron ground-state energy without impurity, and the ground-state 
energy are denoted by squares, triangles and lines without symbols, respectively.
Table 1
Comparison between binding energies of a negative D− ion in SQD [34] with those 
for D− ion in QHT. For comparison purposes, we have taken the radius ranging 
between 2.8a∗0 to 10a∗0.










Zhu et al. [34] Present paper
2.8 0.563 0.240 0.323
4.0 0.400 0.180 0.220
5.2 0.317 0.146 0.171
6.4 0.258 0.122 0.136
7.6 0.215 0.106 0.109
8.8 0.180 0.092 0.088
10.0 0.148 0.086 0.062
procedure implemented in the present paper, we have calculated 
the energy for negative (D−) and neutral (D0) donor impurities 
confined in a quantum horn torus (QHT), and then our results 
were compared with data reported for the same systems confined 
in spherical quantum dots (SQDs) [6–8]. The QHT can be obtained 
from a quantum torus when the center line and the circular cross-
section radii are equal (see inset of Fig. 2). The above mentioned 
comparison, which is realized by overestimating the scope of the 
A.A., allows us to visualize the D− and D0 energy tendencies 
for larger values of the nanostructure radii, since the confine-
ment potentials in a QHT and an SQD tend to be similar, although 
not exactly equal, as a consequence of the difference between 
the volumes of the QHT and the SQD (QHT volume/SQD volume =
2π2 R3/ 323 π R
3 ≈ 0.59).
Table 1 summarizes the comparison between the on-center 
negative D− impurity binding energy as function of the radius 
when the two electrons are confined in an SQD (results were 
screen-captured from Ref. [34]) and a QHT (results of the present 
paper), respectively. In order to obtain the energy values in a QHT 
from the D02 model, we made ξ1 = 0 and R1 ∼= Rt when both 
the second donor position (ξ2) tends to infinite (or equivalently 
η2 = 0) and the outer and inner QRs merge into each other to be-
come one.
According to the values listed in Table 1, we can conclude that 
both sets of results depend strongly on the size of the nano-
structure. The bigger the nanostructure radius, the smaller the 
D− binding energy (E D−b ). The results for a D
− ion confined in 
SQD and QHT decrease monotonically as the radius changes from 




tween the E D−b in QHT and SQD. This fact could be related to 
the difference between volumes of the QHT and the SQD, since 
the smaller the nanostructure volume the stronger the interac-
tion of the wave function with the hard-wall potential structure, 
thus raising the position of the energy levels, and therefore the 
corresponding binding energies tend to be much smaller. We can 
observe from data in the last column of Table 1, corresponding to 

E D−b = E D−b |QHT − E D−b |SQD , that the greater the radius the smaller 
the 
E D−b , this difference being only on the order of hundredths 
of effective Rydberg for 10a∗0. This fact proves that E
D−
b |QHT has 
the correct asymptotic behavior for large values of the QHT radius 
because these values tend to be very close to E D−b |SQD values. This 
assertion was confirmed by computing the E D−b |QHT at a very large 
QHT radius. For instance, when the center line radius is equal to 
18a∗0, the E
D−
b |QHT is 0.0520R∗y , this being the same value obtained 
in Ref. [34] at 15a∗0. This value is only 0.002R∗y above the D− bind-
ing energy in the bulk limit 0.0518R∗y .
In order to complement the model evaluation used in the 
present paper, we calculated the D0 energy structure confined in 
a QHT, and then the obtained results were compared with those 
previously reported in Refs. [7,8] for the same system in an SQD. 
Fig. 2 shows the variation of the D0 binding energy in an SQD 
(E(SQD)b empty square symbol) and a QHT (E
(QHT)
b black square sym-
bol) as a function of the SQD radius (2R). The D0 binding energy 
is defined as the energy difference between the electron ground-
state energy without impurity (E(SQD)10 empty triangle symbol for 
SQD-case or E(QHT)10 black triangle symbol for QHT-case) and the 
impurity ground-state energy (E(SQD)0 dashed line without symbols 
for SQD-case or E(QHT)0 solid line without symbols for QHT-case), 
i.e., E(QD)b = E(QD)10 − E(QD)0 , denoting QD an SQD or a QHT.
According to Fig. 2, both sets of results show very similar 
qualitative behaviors because the curves for D0 in QHT are ap-
proximately auto-parallel to the corresponding ones for D0 in the 
SQD.
Regardless the nanostructure’s morphology, the evolution of 
E(QD)0 with the quantum dot radius is a result of the strong com-
petition between the electron’s kinetic energy and the impurity–
electron Coulombic attraction. Both energies can become numeri-
cally equal for a critical value of the QD radius called the turning 
point in a GaAs/AlAs quantum dot (R(QD)TP ). At this turning point, 
the energy E(QD)0 becomes equal to zero. Fig. 2 shows that the turn-
ing point for QHT is R(QHT)TP = 5.650a∗0, while the value for an SQD 
is R(SQD)TP = 1.852a∗0. In spite of the similarity in the E(QD)0 curves’ 
evolution in the QHT and the SQD, it was nonetheless expected 
that the two turning point values would not be the same due to 
the following: When we confine a hydrogenic impurity within an
SQD, the electron can get close to the nucleus, and therefore the 
ground-state electron cloud is spherically distributed around the 
positive charge center. So the electron–nucleus average distance for 
a D0 confined in an SQD is actually pretty small, in comparison 
with the same system confined within a QHT. As a consequence, 
as the QHT radius is increased, the change in the electron spatial 
confinement causes the strengthening of the Coulombic interaction 
between the electron and the nucleus, given that, by virtue of the 
uncertainty principle the electron’s kinetic energy decreases. Con-
sequently, the nucleus pulls the electron toward the inner edge of 
the QHT. However, the interaction of the electron’s wave function 
with the inner potential barrier avoids the electron location in the 
neighborhood of the Coulombic center, in contrast to what hap-
pens in the SQD case. As a result, the spherical symmetry of the 
ground-state electron cloud might be destroyed. This would lead to 
an increase in both the electron–nucleus average distance and the Fig. 3. Comparison between the 1s-, 2p- and 2s-state energies of a neutral donor 
impurity located at the center of a confining sphere (solid line) and 1s-state of 
a neutral donor impurity located at the center of a quantum horn torus (dashed 
line). The energy curves have been realized as a function of the spherical quantum 
dot radius.
turning point value of the D0 ground-state in a GaAs/AlAs QHT. In 
short, the above mentioned symmetry breaking allows us to sug-
gest that the D0 ground-state in a QHT should be in a 2p-like state 
(non-spherically symmetric) for a D0 confined in an SQD. In this 
regard, in Fig. 3 we have plotted the D0 ground-state in a QHT 
and 1s, 2s and 2p states of D0 in an SQD as a function of the dot 
radius, whose values were screen-captured from Ref. [6]. The cor-
responding turning points for 1s, 2s and 2p states of a hydrogenic 
impurity located at the center of an SQD are 1.833a∗0, 6.125a∗0, and 
5.088a∗0, respectively, while the D0 ground-state in a QHT (dashed 
line) becomes negative when the radius is larger than 5.172a∗0. 
The turning point value of the D0 ground-state in a QHT is very 
close to the value obtained for the 2p-state in an SQD. We can 
see that for radius values smaller than 2.5a∗0 there is a slight dif-
ference between the two 2p-like curves. Nevertheless, for radius 
values greater than 4.0a∗0, the curves tend to merge, and they ap-
proach monotonically to the correct energy value of the 2p-state in 
the free space which is equal to 0.25R∗y [6]. These results confirm 
our earlier assumption that the inner wall of the QHT indeed de-
stroys the spherical symmetry of the electron’s ground-state cloud, 
in comparison with the same system in an SQD. As a consequence, 
the A.A. allows us to obtain results comparable with other methods 
for large values of the QR cross-section, which had been postulated 
when comparing the results listed in Table 1 for D− ion confined 
in an SQD and a QHT. The correct tendency of our results may be 
considered as indirect proof of the accuracy and viability of our 
numerical procedure.
The D02 ground-state energy as a function of the outer cen-
ter line radius is shown in Fig. 4 for three different values of the 
hydrostatic pressure: 0, 15, and 30 kbar. Independently of the pres-
sure strength applied, when the outer QR centerline radius ranges 
between 20 and 100 nm, we can observe that the D02 total energy 
increases. Two important facts have an influence on this behav-
ior: on the one hand, the weakening of the attractive interaction 
exerted by the two-Coulombic centers on the second electron in 
the outer QR, and on the other, the diminishing of the electro-
static repulsion between the two electrons. Nevertheless, the above 
mentioned behavior tends to change for a very large outer cen-
ter line radius (R2 > 350 nm). Observing the inset of Fig. 4, one 
notices that the slopes for all three curves tend to zero for large 
enough values of R2. In this particular situation, the outer QR is far 
from the inner one and the impurities, so that the D02 energy will 
tend asymptotically to the D+ ground state energy under applied 2
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different values of the hydrostatic pressure: 0, 15, and 30 kbar. The inset shows the 
curve for larger values of the outer center line radius.
Fig. 5. D02 total energy as a function of the impurity–impurity separation for two dif-
ferent values of the hydrostatic pressure: 0 and 30 kbar and three different values 
of the magnetic field strength: 0, 2.006, and 3.009 T. The inset shows the corre-
sponding D02 effective potential at zero magnetic field strength for three different 
hydrostatic pressure values: 0, 15 and 30 kbar (solid, dashed and dotted lines re-
spectively), and setting a donor–donor distance equal to 40 nm.
hydrostatic pressure. As a consequence, increasing the outer cen-
ter line radius produces the following D02 → D+2 + e− dissociation 
process.
In Fig. 5 we show the outcome of the calculation of the ground-
state energy as a function of the separation between the two 
symmetrically-placed Coulomb centers, for two different values of 
the hydrostatic pressure applied (P = 0 and 30 kbar) and three dif-
ferent values of the magnetic field (B = 0, 2.006, and 3.009 T). Re-
gardless of the strength of the external probe applied on the DCQR, 
the results show that all the energy curves have a well-defined 
minimum at an impurity separation distance equal to 20 nm. In 
this sense, the curves shown in Fig. 5 display an actual H2-like 
behavior. However, the fundamental features of the actual H2 are 
predetermined by the nature, but the salient features of D02 may 
be modified by applying external fields on the DCQR or by chang-
ing the QR’s geometrical parameters. For instance, an increase of 
applied hydrostatic pressure yields larger D02 dissociation energy 
and D02 artificial molecules much more stable against the ther-
mal dissociation in comparison with the actual hydrogen molecule. 
This is due to the fact that the depth of the effective potential 
well, V̄ (ϕ), which governs the electron’s rotational effects, is aug-
mented as the applied hydrostatic pressure is increased (see the Fig. 6. D02 binding energy as a function of the outer center line radius.
Fig. 7. D02 energy levels as a function of the applied magnetic field for three values 
of the applied hydrostatic pressure.
inset of Fig. 5). However, an increase in the magnetic field strength 
tends to produce the opposite effect, because the greater the mag-
netic field strength the smaller the D02 dissociation energy, and 
therefore stability of the molecular complex tends to be reduced. 
This is a direct consequence of the fact that the magneto-electron 
tends to move faster around the z-axis, and this increase in the 
electronic kinetic energy leads to the destruction of the molecular 
identity, due to the great competition between the attractive po-
tential energy and the positive electronic kinetic energy. In general, 
the results displayed in this figure illustrate a wide range of pos-
sibilities for tuning the D02 dissociation energy in real time with 
only the use of varying external fields.
The D02 binding energy as a function of the outer center line ra-
dius is shown in Fig. 6 for three different values of the hydrostatic 
pressure: 0, 15, and 30 kbar. As expected, the D02 binding energy 
decreases as a result of the growth in the value of the outer center 
line radius. This happens because the outer electron is progres-
sively located farther from the perturbing charge centers and the 
inner electron, and as a consequence it becomes more indepen-
dent, with a behavior ruled only by the effect of its confinement 
within the outer QR. Additionally – as can be expected – the D02
binding energy raises with the increase of the hydrostatic pressure 
for the reason already discussed in Fig. 5. Although all the curves 
in the figure look almost parallel in the range of the outer center 
line radius depicted (from 20 to 100 nm), we show in the corre-
sponding inset that this apparent behavior disappears when the 
outer center line radius substantially increases, given that all the 
curves essentially merge at 600 nm.
Finally, we show in Fig. 7 the evolution of the D02 total en-
ergy levels as functions of the magnetic field strength. The en-
ergy states E(M, m, s) plotted in this figure have been labeled 
as follows: a(0, 0, 0), ±b(±1, 1, 1), ±d(±2, 0, 0), ±h(±3, 1, 1), 
±m(±4, 0, 0). The evolution of these curves is the result of the 
strong competition between the paramagnetic term (∼B) and the 
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are linear at the beginning with positive slope, and when M < 0, 
the slope becomes negative for small values of the magnetic field 
strength, but then the parabolic term in B dominates the com-
petition, causing the energy to start growing with the magnetic 
field. The result is a periodic oscillation of the ground state energy 
known as the AB oscillation. From these graphics we can ob-
serve that the increase of the hydrostatic pressure leads to a small 
increase in the oscillation period. This is because the period is 
strongly dependent on the size of the QR and the application 
of hydrostatic pressure modifies the QR’s dimensions. Addition-
ally, the hydrostatic pressure shifts the ground-state energy level 
downward. For instance, a pressure of P = 15 kbar lowers the 
ground-state energy position in comparison with the zero pressure 
case by ∼4% while the pressure P = 30 kbar lowers it by ∼8%. This 
result demonstrates that the D02 ground state energy of the DCQRs 
decreases linearly with the applied pressure, this behavior being 
similar to the one previously observed for quantum wells [6,12].
4. Conclusions
We studied the energy states of a system of two on-axis cou-
pled shallow donor centers (D02), in a concentric toroidal dou-
ble GaAs quantum ring system with a circular cross-section. The 
two impurity-bound electrons are spatially separated and forced to 
move within distinct rings in the structure. By considering struc-
tural data about the double quantum ring dimensions, we calcu-
lated the D02 energy states by using an adiabatic scheme. We have 
shown that the D02 salient features could be tuned by changing 
the geometrical parameters of the DQR, as well as by the applica-
tion of external probes. In this regard, in the range 0–30 kbar of 
applied hydrostatic pressure, it is possible to increase the D02 dis-
sociation energy by almost one order of magnitude, which would 
allow obtaining D02 systems that are more stable against thermal 
dissociation. This fact was corroborated by analyzing the D02 bind-
ing energy. On the other hand, the opposite effect is achieved by 
augmenting the strength of an applied static magnetic field; since 
the D02 energy levels tend to shift up as a consequence of the 
increase of electron’s kinetic energy. We observed the AB oscilla-
tion pattern, and it was corroborated that its corresponding period 
may be slightly modulated by applying a hydrostatic pressure field. 
Finally, we have shown that our model is versatile enough to con-
sider different quantum dot morphologies by changing nanostruc-
ture parameter values. In this regard, by overestimating the scope 
of the adiabatic scheme, we have shown that the neutral and neg-
ative ionized donor ground states in a QHT are in good agreement 
both with existing data in SQDs and with the corresponding bulk-
like systems’ values.Acknowledgements
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Chapter 4
Geometry and QRs non-uniformities
effects
Recent studies [13, 14, 16] related to technological applications suggest that a profound
knowledge about the eigenenergies and eigenfunctions of few-particle QRs, is absolutely use-
ful to perform calculations of optical response and far-infrared absorption, especially if the
eigenstates are characterized in terms of the changes of QR geometry and external fields
strengths. Aimed by these findings it has been studied the salient features of the D02 hy-
drogenic molecule confined in quantum donuts (QR with circular CS) such as the energy
levels, dissociation energy and the equilibrium length as a function of the quantum donut
geometrical parameters in the contribution: "Hydrogenic molecular transitions in double
concentric quantum donuts by changing geometrical parameters" [87]. It was also shown
that by increasing systematically the quantum donut outer center line radius, it is possible
to understand a first ionization process: D02 → D+2 + e−. Furthermore, a second ionization
process D02 → D− + D+ can be carried out by fixing the first donor position and gradually
moving away the second one.
Motivated by experimental reports of self-assembled QRs via atomic force and scanning
electron microscopy [9, 35], a first approximation to the real QR morphology by using analytic
functions was done. It was calculated the eigenstates of a hydrogenic complex confined in
a washer-shaped quantum ring under the presence of crossed magnetic and electric probes
in: "Eigenstates analysis of a semiconductor hydrogenic washer-shaped nanoring structurally
deformed: external crossed fields and stark-like effects" (paper under revision in Physica B
journal). In this work is studied in detail how the size and position of the protuberances
affect significantly the degree of the electron localization observable in Aharonov-Bohm and
Stark-like patterns. Additionally, based on the electron mobility, a mechanism to detect
85
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narrow intervals of electric field thorough the measurement of nanoscopic loop-currents as a
function of the non-uniform washer-shaped quantum ring morphology is studied.
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Dissociation energya b s t r a c t
In this work it is considered a versatile model to study two differ-
ent ionization processes starting from a D02 homonuclear hydrogen-
ic molecule confined in double concentric quantum donuts. Very
narrow quantum donut circular cross sections are considered to
separate the radial and angular variables in the D02 Hamiltonian
by using the well-known adiabatic approximation D02 total energy
as a function of the inter donor spacing and the outer donut center
line radius is calculated. The salient features of an artificial D02
hydrogenic molecule such as the dissociation energy and the
equilibrium length are strongly dependent on the quantum donut
geometrical parameters. By increasing systematically the quantum
donut outer center line radius, it is possible to understand a first
ionization process: D02 ! D
þ
2 þ e. A second ionization process
D02 ! D
 þ Dþ can be carried out by fixing the first donor position
and gradually moving away the second one. The results obtained in
this study are in good agreement with those previously obtained in
the limiting cases of very large inter donor separation. The model
proposed here is computationally economical and provides a real-
istic description of both ionization processes and the few-particle
system confined in double concentric quantum donuts.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
In recent years, semiconductor quantum rings (QRs) have constituted an intensive area of research
[1,2]. The singular, but nontrivial, QRs topology related to the internal axially symmetric crater offers
D.A. Ospina-Londoño et al. / Superlattices and Microstructures 55 (2013) 64–74 65us unique possibilities to combine the electronic and optical properties in order to develop novel de-
vices [3]. Furthermore, very narrow nano rings are excellent candidates to observe different quantum
effects [4,5].
The realistic InGaAs QR structure [6] presents an inner radius around 10 nm, narrow width ranging
between 20 and 60 nm, while the average height QRs about 3 nm is very small in comparison with
lateral dimensions. Based on these experimental data, many authors have left aside the QR height
effect on the few-particle energy spectrum and several two-dimensional models with different
confinement potential profiles have been proposed [7]. However, theoretical explorations aimed at
establishing the QR cross-section effect on the carrier energy spectrum have been realized by consid-
ering QRs cross-section with different morphologies both homogeneous [8,9] and non-homogeneous
[10–12]. The results have shown that the energy structure is highly sensitive to QR’s geometrical
parameter variations. For instance, a quenching of the Aharanov–Bohm oscillations has been reported
when the QRs cross-section homogeneity is slightly distorted [10–12].
Lately, systems of double QRs (DQRs) [13–15] vertically aligned or concentrically coupled have at-
tracted much attention of the scientific community since the outer-to-inner ring radius aspect ratio
and the interring distance offers new degrees of freedom, which allows to tailor the carrier energy
structure according to technological potential applications. Additionally, DQRs offer excellent oppor-
tunities to study diverse quantum interference effects and develop novel computational technologies
based on quantum gates [16].
The spectral properties of several few-particle systems in DQRs have been widely studied by using
different approximated methods for instance, spin-density functional theory [17] matrix diagonaliza-
tion technique [18], and quantum Monte Carlo [19]. In these DQRs, molecular-like states can appear
when the energy levels in each ring are under resonance conditions, while the Aharanov–Bohm oscil-
lations period can be modified by controlling the ratio between ring radii.
Although several theoretical and experimental studies to determine the electronic and optical
properties of different types of carriers into DQRs have been carried out, researches on donor impuri-
ties in DQRs are really scarce or at least not addressed in detail in literature. Motivated by these re-
ports, in the present work a homonuclear molecule confined in double concentric quantum donuts
(DCQD) is analyzed in relation to its salient features. By using an adiabatic procedure, we establish
the incidence of the DCQD geometrical parameters over the molecular equilibrium length and its dis-
sociation energy. The molecular complex studied in this work is an immobile-type Lampert complex
[20] under strong confinement. The molecular complex considered in this contribution consists of two
electrons spatially separated and constrained to move in each quantum-donut while the two-fixed
impurity donors are located along the quantum donut common symmetry axis, but non symmetrically
located respect to the origin. In this way, the molecular complex under study is versatile enough since
several donor systems such as, D02;D
þ
2 , and D
 can be obtained by changing the quantum donut radii or
the two ionized donor impurity positions. In addition, different ionization mechanisms as
D02 ! D
þ
2 þ e and D
0
2 ! D
 þ Dþ could be analyzed from the D02 two-hydrogenic molecule.
The structure of this contribution is organized as follows. In Section 2, the basic formulae obtained
from the homonuclear molecule Hamiltonian in the adiabatic approximation framework are briefly
outlined. Section 3 presents the results and discussion. Finally, the conclusions are detailed at the
end of this work.2. Theoretical framework
We considered a homonuclear molecule with its two ionized donors located at (0,0,n1) and (0,0,n2)
positions. Each ionized donor has a charge equal to +e. The~rkðk ¼ 1;2Þ are the vector positions of the
negative charge carriers provided by the impurities. The electron motion is restricted into the zone
delimited by the contour of two concentric quantum donuts whose cross-section morphology is
circular with radius Rt. In this model, the inner and outer quantum donuts center line radii, R1 and
R2, respectively, are represented by means of dotted lines in Fig. 1. The nk and Rk quantities are intro-
duced here as modifiable and independent geometrical parameters with the aim of analyzing several
molecular configurations and different ionization processes.
Fig. 1. Scheme of two concentric quantum donuts with a homonuclear molecule compound by two neutral donors.
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þ VkðrkÞ ð1bÞThe first term in the Hamiltonian (1a) corresponds to the one-particle Hamiltonian (1b) in quan-
tum donuts with confinement potential Vk(rk) which is assumed to be zero and infinite inside and out-
side the quantum donuts. The remaining terms into the summation are the electron-donor attractive
interactions. The electron-electron and impurity-impurity repulsive interactions are respectively de-
scribed by the last two terms in Eq. (1a). In the system Hamiltonian (1) the lengths have been scaled
in units of effective Bohr radius a0 ¼ h
2e=me2 and all energies in units of the effective Rydberg
Ry ¼ e2=2ea0. m
⁄ and e correspond to the electron effective mass and dielectric constant into the quan-
tum donuts. We have defined the electron position vectors as~rk ¼ ~~qk þ R
!
kðukÞ, where ~~qk denotes the
electron position vector inside the circular cross-section measured respect to an origin located on the
center line and Rk is the position vector of the point o0, which forms an angle uk with the reference x-
axis.
The presence of Coulomb interaction terms in Eq. (1a) makes it very hard to find an exact solution
for the corresponding Schrodinger equation; therefore an approximated method should be used in or-
der to obtain the molecular energy structure. Taking into account the experimental results, the height-
to-center line radius aspect ratio for quantum rings is really small, so we have adapted a numerical
procedure based on the adiabatic approximation which has yet to be shown useful to study the elec-
tron energy structure in very narrow nano-rings [8–10,21]. This procedure allows to decouple the ra-
pid radial from the slow rotational electrons motion. Additionally, by using the above mentioned
method [8], the solution scheme is computationally faster in comparison with matrix diagonalization













þ Veff ðu2 u1Þ þ Vei ð2ÞWithVeff ðu2 u1Þ ¼ f 10 f 20
2
~r2 ~r1
 f 10 f 20 ;Vei ¼  f k0 2j~rk  n1j þ 2j~rk  n2j
 f k0 ; k ¼ 1;2 ð3ÞThe terms present in Eq. (3) respectively denote the electron-electron and electron-impurity mean
effective potentials. The f k0 ð~qkÞ; k ¼ 1;2 in Eq. (3) corresponds to the ground state function obtained
by solving the Hamiltonian (1a) when the slow orbital motion of electrons 1 and 2 (see Fig. 1) is
temporally frozen and therefore and each electron is confined to move into a hard two-dimensional
D.A. Ospina-Londoño et al. / Superlattices and Microstructures 55 (2013) 64–74 67circular quantum well where the functions f k0 ð~qkÞ are expressed in terms of the Bessel functions. The
term 2E0 in Eq. (2) corresponds to the eigenenergy obtained for an electron confined in a two-dimen-
sional circular quantum well with wave function f k0 ð~qkÞ.
The dynamics of the two-particle system with one-dimensional Hamiltonian Eq. (2) is more con-












and relative coordinates u = u2  u1.
These substitutions reduce the Hamiltonian Eq. (2) in the sum of two independent one-dimensional
Hamiltonians. The solution of the eigenvalue problem Eq. (2) leads to the numerical determination
of energy levels E(M,m,s) via the trigonometric sweep method [22], where M and m are the numbers
that quantize the relative and center-of-mass angular momenta, while s is a number related to the
two-electron wave function parity being s = 0 for singlet states and s = 1 for triplet states.3. Results and discussion
Table 1 summarizes the D02 homonuclear molecule energy results for several inter donor separation
values (n1 = n2 = n/2) and the corresponding two-electron energy values reported in Ref. [9] for elec-
trons constrained to move into two concentric toroidal quantum rings. Both sets of energy results have
been obtained by considering fixed cross-section radius Rt ¼ 1a0, and fixed inner and outer quantum
donuts center lines (R1 ¼ 1a0 and R2 ¼ 20a0).
We can note from Table 1 that D02 energy states are very sensitive to the inter-ion separation due to
the strong competition between attractive electron-donor interactions and repulsive electron-electron
and ion-ion interactions. For instance, when the ion-ion separation is less than 1a0 or greater than
100a0 the repulsive interaction terms are predominant on the attractive terms, but this behavior is in-




. By comparing the last before col-
umn data corresponding to D02 energy values for very large separation between ions n ¼ 1000a0
 
and the last column data corresponding to two-electron system energy reported in Ref. [9], we can
see the close correspondence between one and another datum. This important finding confirms the
correct asymptotic behavior of the D02 energy states toward the two-electron energy system when
these two charge carriers are confined into a single quantum donut and the ion-ion separation grows
indefinitely. Despite the above mentioned result, which could be assumed as an indirect proof of the
efficiency of the approximated method used in the present work, we have additionally compared our
results with the corresponding calculations reported for a negative charge ion D confined in three dif-
ferent nano structures: toroidal quantum ring [8], quantum wire [23] and spherical quantum dot [24].
This comparison was carried out because the molecular complex proposed in the present study is
flexible enough to allow us to analyze these interesting cases. For instance, when the second donor
position tends to infinite (n2 ?1) and the two quantum donuts merge in one R1 ¼ R2 ¼ 1a0
 
, the
molecular complex D02 becomes an on-axis a

0 with its two electrons constrained to move into the same
quantum donut [8].
The D binding energy as a function of the quantum donuts radius center line is displayed in Fig. 2.
This energy is defined for the D as Eb(D) = E(D0) + E(e)  E(D), where E(D0) and E(e) correspond to
the ground state energy of the on-axis neutral donor D0 and the ground state energy of a single
electron confined in a quantum donut, respectively, and E(D) is the ground state energy of an on-axisTable 1
Comparison between the D02 homonuclear molecule eigenenergies with those ones reported in Ref. [9] for two-electron system
confined in a double concentric quantum donuts. For comparison purposes we have made Rt ¼ 1a0 ;R1 ¼ 10a0 and R2 ¼ 20a0.
Energy state EðM;m; sÞRy On-axis hydrogenic molecular complex in two-concentric quantum
donuts
Two-electron system
Ref. [9] EðM;m; sÞRy
n ¼ 1a0 n ¼ 10a0 n ¼ 50a0 n ¼ 1000a0 n ¼ 200a0 n ¼ 1000a0
E(0,0,0) 7.712 0.260 0.056 0.007 0.041 0.070 0.077
E(±1,0,0) 8.414 0.258 0.054 0.010 0.043 0.072 0.079
E(0,2,1) 8.434 0.238 0.034 0.030 0.064 0.092 0.099
E(±2,0,0) 7.778 0.252 0.048 0.016 0.049 0.078 0.085
Fig. 2. D binding energy as a function of the quantum donuts radius center line for different cross-section radii. The Solid
(present work) and dot Ref. [8] binding energy curves for a D in a single quantum donut are compared with the corresponding
values (diamond symbols) for a D in a quantum wire Ref. [23].
68 D.A. Ospina-Londoño et al. / Superlattices and Microstructures 55 (2013) 64–74D ion in a quantum donut. Our results (solid lines) were obtained for three different values of
cross-section radius Rt ¼ 0:2;1:0;1:2 a0
 
and compared with those reported in Ref. [8] for
Rt ¼ 0:2;1:0a0 (dot lines). Both sets of results present an excellent agreement in all range values of
the center line radius. However, our results are slightly higher than those of the Ref. [8] as the R values
are greater than 2a0. This fact allows us to have energy values much closer to the corresponding ones
for a D ion in a quantum wire [23] (black diamond in Fig. 2) than those of the Ref. [8]. Nevertheless,
the energy values obtained in this work for a D ion into quantum donuts are always slightly lower
than those for D ion in a quantum wire. It is due to the strong quantum confinement in donut-shaped
nano-structures leads to much more correlated electrons than ones in a quantum wire. According to
Ref. [8], the comparison between D ion binding energies in quantum donuts and wires is only valid as
the center line donut radius is higher than 1a0 because both nano-structures become topologically
similar [8]. Additionally, from Fig. 2 we can also observe that the greater is Rt, the greater are the
D binding energy values since the two dimensional circular quantum well is deeper and the energy
states are lower. However, the above mentioned behavior tends to disappear as center line radii are
greater than 4a0 since the ground state D
 binding energy becomes independent on the cross-section
size [8].
On-axis center D binding energies confined in a quantum horn torus (QHT) (volume equal to
2p2R3) were also calculated and plotted in Fig. 3. QHT is obtained from a quantum torus when the cen-
ter line radius and the cross-section size become similar. This calculation was made in order to com-
pare the results obtained by over-estimating the scope of the adiabatic approximation with those data
previously reported for D center confined in a spherical quantum dot (SQD) [24] (volume equal to
32pR3/3) by using variational approach. The comparison has been made taking into account that a
SQD is a special case of the QHT.
From Fig. 3 it is possible to observe that the overall results for binding energies of D center
confined both in a QHT (solid line) and in a SQD (dashed line) present a similar behavior as the radius
increases between 1 and 10a0. Both sets of results are particularly sensitivity to the nano-structure
size since the greater is the radius the smaller are D binding energies. It is interesting to note that
the D binding energies in a QHT (Eb DjQHT) are always slightly lower than those in a spherical
quantum dot (EbDjSQD), however, the greater the nano-structure radius the smaller is the difference
(EbDjSQD). The discrepancy between EbDjSQD and EbD jQHT energy values is associated to a bigger
reduction of the space for D center in QHT than D center in SQD since the reduction of the space
yields an increasing of the D total energy due to an increase of the wave function pressure against
the impenetrable wall structures. The binding energy differences DEb have been obtained to be equal
Fig. 3. Comparison between the binding energies for a D confined in a quantum donut (solid line) (present work) and D
confined in a spherical quantum dot radius (dotted line) Ref. [24]. The D binding energy curves were plotted as a function of
quantum donut center line radius (solid line) and spherical quantum donut radius (dotted line).
Fig. 4. D02 total energy evolution toward D
þ
2 molecular complex energy. D
0
2 total energy has been plotted as a function of donor–
donor separation for three different values of donut outer center line radius R2 = 1.4, 2.0 and 10a0.
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
0 equal to 7, 8, 9, and 10, respectively. We have also calcu-
lated EbDjQHT at 18 a0which is equal to 0.0520 R

y being this value the same obtained in Ref. [24] for
EbD
jSQD at 15 a0. The value 0.0520 R

y is only 0.0002 R

y above the D
 binding energy in the bulk limit
0:0518Ry
 
[25]. In consequence, the correct asymptotic behavior of the D binding energy in quan-
tum donuts in limiting cases for very large radius has also been guaranteed.
Once the efficiency of the model used in the present work has been tested and proven, the D02 total
energy as a function of the donor-separation n ¼ j~n1 ~n2j and the external center line radius have been
calculated. The results are shown in Figs. 4–6. From these curves, it is possible to analyze the role
played by the DCQD characteristic geometrical parameters on two possible molecular transitions:
D02 ! D
þ
2 þ e Figs. 4 and 5 and D
0
2 ! D
 þ Dþ Fig. 6
In Fig. 4 we present the evolution of D02 total energy with the inter donor separation for three dif-
ferent values of the outer center line radius R2 ¼ 1:4a0 (Fig. 4 curve (a)), 2.0 a0 (Fig. 4 curve (b)), and 10
a0 (Fig. 4 curve (c)). The last before curve (d) in Fig. 4 corresponds to the molecular complex D
þ
2 . This
Fig. 5. Variation of D02 dissociation energy with outer quantum donut radius. Three fixed and different inner quantum donut
radius were considered, R1 ¼ 1:0a0 (a), R1 ¼ 1:5a0 (b), and R1 ¼ 2:0a0 (c) with cross-section radius equal to 0:2a0. The dark
square corresponds to the actual H2 dissociation energy.
Fig. 6. D02 total energy as a function outer to inner quantum donut center line radii aspect ratio for the first two low-lying states
and four different positions of the second donor, n2 ¼ 2:0a0; n2 ¼ 3:0a0; n2 ¼ 4:0a0 and n2 ¼ 5:0a0. First donor position was taken
equal to n1 ¼ 2:0a0.
70 D.A. Ospina-Londoño et al. / Superlattices and Microstructures 55 (2013) 64–74complex is compound by only one electron constrained to move into the inner quantum donut with
center line radius R2 ¼ 1:0a0 and electrically bound to two fixed on-axis donor impurities. The last
curve (e) in Fig. 4 corresponds to the total energy for an actual hydrogen molecule H2 [26].
All of the three D02 energy Fig. 4 (curves (a–c)) display a characteristic minimum which gives the
equilibrium length (ne) of these artificial molecules, while the energy value at the minimum point cor-
responds to dissociation energy (Ed).
Although D02 and the actual hydrogen molecule H2 energy curves present a similar behavior, the
corresponding energy values are significantly different due to the strong electronic confinement into
the quantum donuts. For instance, the (ne,Ed) values obtained from the D
0














(c)) for R2 ¼ 1:4a0;2:0a0 and 10 a0, respectively. These results indicate that the smaller is the radius
R2, the smaller is the equilibrium distance and the greater is the dissociation energy. These (ne,Ed)
values for a D02 confined into double concentric quantum donuts are essentially different from the




for the case of free actual H2 hydrogen molecule
(Fig. 4 curve (e)) [26].
The ne and Ed values for D
þ
2 molecular complex strongly confined into a quantum donut have been
found to be equal to 1:65a0 and 1:86R

y, respectively. By comparing these values with the experimental
ones ne ¼ 1:06a0 and Ed ¼ 1:195R

y obtained for an actual hydrogen molecule ion H
þ
2 [26], it is possible
to infer that the stability of Dþ2 artificial molecular complex into quantum donuts increases almost 55%
as a consequence of the strongly quantum confinement. Bearing in mind the dissociation energy






























molecular complexes into the quantum donuts could correspond to the fractional dimension which
is ranging between 2 and 3.
Another interesting feature can also be inferred from a careful examination of the D02 energy curves
as outer quantum donuts center line radius grows from 1:4a0 up to 10 a

0. For outer center line radius
greater than or equal to 10 a0, the second electron is separated enough both from the two on-axis fixed
donors as well as from the first electron into the inner donuts, reason by which the electron-electron
and donors-outer electron Coulomb interactions are really small in comparison to remaining terms
present in Eq. (1). Therefore, for very large R2 values R2 P 10a0
 
the D02 Hamiltonian is reduced to
the Dþ2 case [21,27] with its electron into the inner quantum donut (see Fig. 4 curve (d)). In conse-
quence, the molecular ionization process: D02 ! D
þ
2 þ e where D
0
2 complex loses the outer electron,
it is generated by increasing systematically the geometrical parameter corresponding to quantum do-
nut outer center line radius.
In order to make more evident the correct and continuous evolution of the D02 energy values toward
the Dþ2 energy, the D
0
2 dissociation energy as a function of the corresponding outer center line radius
has been plotted in Fig. 5. These curves were obtained by considering three different values of the in-
ner quantum donut radius; R1 ¼ 1:0a0 (Fig. 5 curve (a)), R1 ¼ 1:5a0 (Fig. 5 curve (b)), and R1 ¼ 2:0a0
(Fig. 5 curve(c)) and a fixed cross-section radius equal to 0:2a0. In order to analyze the quantum do-
nuts size effect on the D02 dissociation energy, from these curves it is possible to observe that when the
outer center line radius grows, the D02 dissociation energy decreases due the fact the outer electron-
donors Coulomb interaction diminish reason by which the greater is the quantum donut outer center
line the easier is the ionization process D02 ! D
þ
2 þ e.
From Fig. 5, it is possible to see, for instance, that if the outer center line radius is greater than 20a0,
all curves of D02 dissociation energies for different inner quantum donut radius exhibit the correct
asymptotic behavior, because each of them tend toward the corresponding Dþ2 dissociation energies,
which are denoted by means of a horizontal line passing by the fixed energy level value (black trian-
gle) when this Dþ2 complex is confined into the inner quantum donut. These D
0
2 dissociation energy val-
ues are strongly dependent on the quantum donut sizes; because the smaller is the inner quantum
donut radius the greater is the dissociation energy as a consequence of the strong attractive interac-




is equal to 1:86Ry (Fig. 5









is equal to 1:00Ry (Fig. 5 curve (c)). The D
0
2 dissociation energy asymptotic behavior toward




2 þ e ionization
process which it is possible by changing only the quantum donuts geometrical parameters.
If the dissociation energy value for an actual hydrogen molecule H2 is placed in this graph (black
square symbol in Fig. 5 curve (a)) and by assuming that one of its electrons is into the inner quantum
donuts R1 ¼ 1:0a0
 
, then we can associate a fictitious center line quantum donut outer radius approx-
imately equal to 4a0 for the second electron. In consequence, by changing only the outer quantum do-
nut center line radius it is possible to obtain a great variety of artificial molecules in DCQD with
different dissociation energies and equilibrium lengths. This fact contrasts with the unique equilib-
rium length value for an actual hydrogen molecule H2.
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were also analyzed for the first two low-lying energy states and four different positions of the second
donor, n2 ¼ 2:0a0 (Fig. 6 curve (a)), n2 ¼ 3:0a0 (Fig. 6 curve (b)), n2 ¼ 4:0a0 (Fig. 6 curve (c)), and
n2 ¼ 5:0a0 (Fig. 6 curve (d), and the another donor position was taken equal to n1 ¼ 2:0a0.
For the low-lying energy states reported in Fig. 6, we can see that the energy spectrum is really sen-
sitive to the quantum donuts size since the D02 total energy is strongly dependent on the ratio between
quantum donuts mean radii. All curves present a minimum energy which shows the possibility to ex-
ist a D02 complex as stable molecule confined in two concentric quantum donuts. These curves are a
consequence of strong competition between the repulsive energy terms (electron-electron and do-
nor–donor Coulomb interactions) and the attractive energy terms (electron-donor Coulomb interac-
tion) where the last term is always greater than the first one. The minimum energy is dependent
on the second donor position and the energy state. For instance, the smaller is the second donor posi-
tion the deeper is the D02 total energy and the smaller is the ratio between quantum donut radii cor-
responding to the minimum energy. This fact is due to the donors tends to bound the electrons and
located them in opposite sides respect to the common quantum donuts origin acquiring Heitler-Lon-
don type electronic configuration. The both set of curves for the two energy sates, present a similar
behavior being the first energy state values almost 50% greater than the ground state energy values
and where minima energy is reached.
Dependence of the D02 molecular complex ground state energy on the outer center line radius is
presented in Fig. 7 for several positions of the second donor n2 ¼ 2a0;8a0;16a0;32a0;   64a0
 
. A finite
cross-section radius Rt ¼ 0:2a0 and fixed first donor position n1 ¼ 2a0 have been considered in making
these curves.
From Fig. 7 one can observe a notable evolution of the D02 molecular complex energies on the outer
center line radius for all four inter-nuclear separation values. This behavior is a direct consequence of
the strong competition between the kinetic energy and Coulomb energies in Eq. (1). For instance, as
outer radiusR2 is closer to the fixed inner radius R1 ¼ 1a0 and n2 > 16a0, the D
0
2 molecular complex
energies are almost equal and independent on inter-nuclear separations. It is due to the fact that
the inter donor Coulomb repulsion term is much smaller with respect to the other terms presented
in Hamiltonian (1). Nevertheless, as the outer radius increases, the D02 molecular complex












¼ 0:93Ry for R2 ¼ 10:10a0; and
E D02
 
¼ 0:87Ry for R2 ¼ 14:60a0Þ. At these points the Coulomb attractive terms become predomi-Fig. 7. D02 total energy versus the quantum donut outer center line for four different values of second donor position: (a)
n2 ¼ 8a0, (b) n2 ¼ 16a0, (c) n2 ¼ 32a0, and (d) n2 ¼ 64a0. In this case the D
0
2 ground state energy curves were obtained by fixing
n1 ¼ 2:0a0;R1 ¼ 1:0a0 and Rt ¼ 0:2a0.
D.A. Ospina-Londoño et al. / Superlattices and Microstructures 55 (2013) 64–74 73nant over the repulsive ones. As it is clearly seen in Fig. 7, the smaller is the inter-nuclear separation
the smaller is the critical value of R2 and the deeper is the D
0
2 energy minimum which is due to the
increasing of the attractive interaction between the electrons and the second donor.
An interesting behavior can also be observed as the first donor position is fixed at the point
0;0;2a0
 
while the second donor position n2 is systematically increased. Since the electrons are
forced to move into each one of the quantum donuts, then they do not have any possibility to be
bounded by the donor that is being apart; in consequence, they can only remain bounded to the first
fixed donor thereby giving rise to a negative hydrogen ion D. This fact is as evident as n2 > 64a0
because the D02 energy curves becomes very closer to negative donor ion D
 (dot-line symbols). There-
fore, the D center can be obtained from two neutral donors when their electrons are released into the
two-concentric donuts and after one of the two donors is separated from the full system. This process
leads to the following molecular process: D0 + D0 ? D + D+ where the final product is a D center in
DCQD and an ionized donor D+ far enough from the electrons.
To conclude, we have used the rigorous adiabatic approximation to solve the non-trivial Schroding-
er equation for D02 homonuclear hydrogenic molecule confined in double concentric quantum donuts.
Two different ionization processes: D02 ! D
þ
2 þ e and D
0
2 ! D
 þ Dþ can be studied step by step by
changing the quantum donut geometrical parameters or donor positions. The dissociation energy
and the equilibrium length values obtained in the present work for D02 and D
þ
2 complexes in quantum
donuts range between the corresponding values for D02 and D
þ
2 complexes confined in a two-
dimensional quantum well and free in a three dimensional space. In the limiting cases, our results
present a correct asymptotic behavior and they are in a good agreement with those results previously
reported in the literature.
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Abstract
The eigenstates of a hydrogenic complex confined in a washer-shaped quantum
ring with lateral position-controllable protuberances with Gaussian aspect un-
der the presence of crossed magnetic and electric probes were calculated. The
size and position of the protuberances affect significantly the degree of the elec-
tron localization observable in Aharonov-Bohm and Stark-like patterns. The
influence of the size protuberances, off-centered impurities and in-plane electric
fields on the localization states are studied in detail. Finally, based on the elec-
tron mobility, a mechanism to detect narrow intervals of electric field thorough
the measurement of nanoscopic loop-currents as a function of the non-uniform
washer-shaped quantum ring morphology is studied.
Keywords: non-uniform quantum rings, Aharonov-Bohm oscillations, Stark
effect, nanoscopic loop-current, localized states , hydrogenic complex
1. Introduction
The emergence of new nanofabrication techniques have made possible to
carefully control over a semiconductor surface the spontaneous growth of semi-
conducting nanoscopic clusters known as self-assembled quantum dots (SAQDs)
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[1, 2]. Among the wide variety of SAQDs, some of the most relevant are the5
quantum rings (QRs) [3, 4] since its doubly-connected topology allows to study
both theoretically and experimentally, a wide range of quantum effects such as
the Aharonov-Bohm (AB) oscillations [5, 6], persistent currents [7] and Berry
phase [8]. This doubly-connectivity also lead to explore interesting applications
such as the spin Quibits [9] useful in the quantum computing field. According to10
atomic force (AFM) and scanning electron microscopy (SEM) observations, the
average semiconductor rings diameters and heights, obtained by different growth
techniques such as the Stranski-Krastanov and droplet epitaxy, range between
the 30 nm to 100 nm, and 2 nm to 5 nm respectively [10, 11, 12, 13, 14, 15].
Consequently, the typical QR height-to-base aspect ratio is of the order of 5%.15
In this sense, with the aim to study the few-particle quantum dynamics confined
in QRs, many researchers have considered these nanoscopic systems essentially
two-dimensional as starting point [16, 17, 18, 19, 20, 21]. For instance, some
works have addressed the study of single-electrons in regular QRs including
in the system Hamiltonian terms such as the Rashba-type spin-orbit interac-20
tions [17] and regularized inhomogeneous magnetic fields [16]. Neutral donors
states and its intraband absorption in regular QRs have been calculated by [18]
considering on and off-center donors, in the last case via perturbation theory.
Futhermore, the low-lying energy states of magneto-donor neutral impurities in
regular-shaped QRs was obtained by [19], showing that the levels are closely25
related to the inner and outer radii values. Moreover, two-particle systems in
regular QRs studies have been performed by [20, 22, 23]. Particularly, [20]
proposed a model to calculate the two-electron energy spectrum in order to es-
tablish the effect of the diameter and the width of the ring on the fractional
Aharonov-Bohm oscillations and the persistent currents. In [22] Kibis and co-30
workers analyzed an electron-hole pair dressed by circularly polarized photons
reporting an excitonic Aharonov-Bohm effect dependent on the intensity and
frequency of the polarized field. Excitonic binding energy has been calculated
by [23]. Motivated by realistic QR systems, some calculations on electronic sys-
tems in non-uniform-shaped two-dimensional QRs have been performed [21, 24].35
2
[21] calculated the energy spectrum of a single-electron system confined in two-
dimensional elliptic-shaped QRs threaded by an uniform magnetic field. Other
authors have considered in plane shrinkings of two-dimensional [24] and one-
dimensional [25] magnetic rings in order to determine the electronic states.
Additional contributions have included a height in their models giving rise to40
three-dimensional uniform [26, 27] and non-uniform [28] rings. Nevertheless,
contributions studying donor-electron systems confined in non-uniform QRs are
scarce. Consequently, in the present work an off-plane hydrogenic complex con-
fined in a non-uniform QR is analyzed. With the aim of mimicking anisotropic
geometries which are feasible to obtain due to deformations and mass diffu-45
sion processes that occur in the QRs fabrication, position-controllable lateral
Gaussian-shaped protuberances are considered in our model.
2. Model
In the present work a hydrogenic complex confined in a non-regular GaAs
washer-shaped quantum ring (WSQR) with hard-wall confinement is studied.50
The electron restricted to move inside the semiconductor ring volume bounded
by the surface ∂V (gray region in Fig. 1 (a)), is released by an off-plane shallow
donor impurity located at ~ξ. The whole system is threaded by an uniform
Aharonov-Bohm flux and in presence of an in-plane external field ~F oriented to
the x-axis. Within the effective mass approximation, the dimensionless system55























+ηρ cos(ϕ)]Ψ(~r) = EΨ(~r)
(1)
where the confinement potential is defined by:
Vc(~r) =
0 inside of ∂V∞ otherwise (2)
3
We have used the effective Rydberg Ry∗ = m∗e4/2h̄2(4πε)2, Bohr radius
a∗0 = (4πε)h̄
2/m∗e2, γ = h̄eB/2m∗cRy∗ and η = eFa∗0/Ry
∗ as dimension-
less units of energy, length, magnetic and electric field, respectively. For GaAs60
nanostructures, the length and energy units are approximately a∗0 ≈ 10 nm and
Ry∗ ≈ 5.8 meV , respectively. The dimensionless magnetic/electric field metric
conversion factors are 6.71 T and 5.8 kV/cm, respectively.
Figure 1: Schematic 3D diagram of the non-uniform WSQR. a) A small height h = 0.2 a∗0 is
taken throughout this work. b) Two position-controllable lateral Gaussian-shaped protuber-
ances are considered in our model. The ρ0int and ρ0ext parameters define the width of an
uniform WSQR, ϕ
(j)







ext define the radial elongation of the protuberances respect to ρ0int/ρ0ext.
When the protuberances are placed diametrically opposed the WSQR exhibits an elliptic-like
shape. d) Three-dimensional AFM image with realistic quantum rings in a annealed sample
experimentally obtained by [29].
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The size uniformity of self-assembled QRs formed by capping is strongly65
related to the growth temperature [10], the post-growth annealing [30] and the
specifications of the capping process [31]. Under specific growth conditions
[10, 30, 31], it is possible to observe via cross-sectional atomic force microscopy
imaging, that the QRs may present an anisotropic cross-sectional profile which
is greatly linked to such conditions. In the present work, we are aimed to70
describe the structure of some non-uniform QRs observed in the AFM images
by considering a varying-width WSQR whose height h is considered to be very
small. The lateral contour of the WSQR is delimited by the angle-dependent
internal and external radii (see Fig. 1 (b)) defined as:































where ρ0int and ρ0ext correspond to the constant internal and external radii




ext are the radial enlongation of the j − th
lateral Gaussian-shaped protuberance (see Fig. 1 (c)) measured respect to the
constant internal and external radii ρ0int and ρ0ext, respectively, ϕ
(j)
0 is the
angular position of its peak and ∆ϕ
(j)
0 is a measure of its spread.80
In general, the electron-donor interaction, the electron-electric field term and
the nature of the confinement potential, lead to a rotational symmetry breaking
of the system. Therefore, the eigenvalue problem (1) with boundary conditions
(2) is not analitically solvable and it requires an approximated technique in85
order to be solved. Consequently, bearing in mind the experimental fact that
the height-to-base aspect ratio is of the order of 5% for most of QRs [10, 11, 12,
13, 14, 15] and focusing the analysis on narrow WSQRs, a two-step adiabatic
scheme can be implemented. In first instance, since h is the smaller dimension, a
fast motion is expected along the z-axis in comparison with the in-plane motion.90
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This fact suggests to consider a wave function of the form:
Ψ(~r) = Zρ,ϕ(z)Ψ2D(ρ, ϕ) (4)
where Zρ,ϕ(z) describes the fast electron motion along the z-axis for fixed val-
ues of ρ and ϕ while Ψ2D(ρ, ϕ) characterizes the slow two-dimensional in-plane
motion. Thus, the first adiabatic step implies to introduce the ρ and ϕ coor-
dinates numerically as parameters in Eq. (1) to solve it for z-coordinate. The95
obtained eigen-energies Ez(ρ, ϕ) in this first step are re-introduced on Eq. (1),
now with ρ and ϕ treated as variables. This allows to obtain the corresponding
two-dimensional eigenvalue problem Ĥ2DΨ2D(ρ, ϕ) = EΨ2D(ρ, ϕ). Henceforth,
the hydrogenic eigenenergies E are measured respect to the ground state energy
of a single electron confined in a hard-wall quantum well of length h. By con-100
sidering actual WSQRs with small mean radius-to-width ratios, it is possible in
a second adiabatic step in association with the Schrödinger’s variational prin-
ciple [32] to find out the best wave function solution expressed as Ψ2D(ρ, ϕ) =
ρ−1/2Rϕ(ρ)Φ(ϕ) by minimizing the functional F [Ψ2D] = 〈Ψ2D|Ĥ2D −E|Ψ2D〉.
According to Eqs. (3) it is defined the WSQR mean radius as ρm(ϕ) =
ρint(ϕ)+ρext(ϕ)
2105
and its width at the angular position ϕ as W (ϕ) = ρext(ϕ) − ρint(ϕ). By per-
forming the following transformation ρ = ρm +
W%
2 , in which the quantity %
represents the electron radial position measured from the ρm, it is possible to
determine the function Rϕ(ρ) = Rϕ(ρm + W%/2) → Rϕ(%) by solving the






+ V̂ 2D(%, ϕ)]Rϕ(%) = Eρ(ϕ)Rϕ(%) (5)
with boundary conditions Rϕ(% = −1) = Rϕ(% = 1) = 0 (or equivalently
Rϕ(ρ = ρint) = Rϕ(ρ = ρext) = 0) and Rϕ(ρ) = Rϕ+2π(ρ). Being the two-
dimensional effective confinement potential V̂ 2D in Eq. (5) written explicitly
as:
V̂ 2D(ρ, ϕ) = Ez(ρ, ϕ) +
γ2ρ2
4





where the last term in Eq. (6) represents the expected value (numerically115
integrated in z) of the electron-donor interaction by using the ground states (Eq.
(4)) obtained in the first adiabatic step. Finally, once obtained the eigenfunction
Rϕ(%) and its corresponding eigenvalue Eρ(ϕ), they are introduced in Ĥ2D
leading to the problem ĤϕΦ(ϕ) = EΦ(ϕ), therefore the differential equation
satisfied by the best Φ(ϕ) function that describes the electron rotational motion,120
is calculated by minimizing the functional F [Φ] = 〈Φ(ϕ)|Ĥϕ − E|Φ(ϕ)〉. This

















and satisfying the periodic conditions
−π < ϕ < π; Φ(ϕ) = Φ(ϕ+ 2π); Φ′(ϕ) = Φ′(ϕ+ 2π) (7c)
The solution Φ(ϕ) gives information about the rotational motion of the elec-125
tron undergoing the impurity Coulomb interaction, the electric and magnetic
field effects and the ”repulsion” by the non-uniform WSQR surface walls. Eq.
(7a) is solved numerically by considering a series expansion of eigenstates of




yielding to the secular equation:130
det ||Eδk,k′ −Mk,k′ || = 0 k, k′ = 0,±1,±2, ...,±N (8a)
with
Mk,k′ = k























3. Results and discussion
3.1. Results validation135
Previously to present the study of the energy structure evolution of a hy-
drogenic WSQR under the presence of an electric and magnetic field, we have
checked the quality of our results by comparing them with data reported for sim-
ilar systems. Since our model is versatile enough to reproduce one-dimensional
systems, we have cheked our results quantitatively with those obtained by [25].140
In Fig.(2) are displayed the screen-captured results of [25] (symbols) correspond-
ing to the ground state energy of a single electron confined in an elliptical
quantum ring (EQR) on the x-y plane (with major and minor axes equal to
a cosh(ζ) and a sinh(ζ) respectively) as a function of a threading magnetic field
directed along z-axis. The symbol data set were obtained for three EQRs with145
different sizes (by using three different values of ζ), and in all cases a value of
a = 2× 10−4 was taken. The black squares correspond to a value of ζ = 9.9035
(case 1), the empty circles ζ = 9.5 (case 2) and the black circles ζ = 9.0 (case
3). In order to compare the results obtained in the present work (lines) with
the symbol data set, we have used proper values of the geometrical parameters150
of the Eqs.(3) attempting to adjust the dimensionality of our WSQR with the
EQR reported in [25], finding an excellent geometric congruence with the cases
1 to 3 by using the values of ρ0int → ρ0ext = ρ0 = 0.81, 1.33, and 2.00 a∗0,
respectively, and for all three cases the following values, ϕ
(1)
0 = −π/2 and
ϕ
(2)













ext = 0.01 a
∗
0. The impurity is located far away from
the WSQR at the position ~ξ = (ξxo, ξyo, ξzo) with ξxo = ξyo = ξzo = 500.0 a
∗
0 to
configure essentially a single-electron system.
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Figure 2: Comparison among the ground state energies obtained for a single-electron EQR
by [25] (black, empty and square symbols) and the obtained data from the WSQR model with
adequate values of the geometrical parameters so that the compared systems are geometrically
congruent.
From Fig.(2) it is observed an excellent agreement between the results for160
a non-uniform WSQR in a limit case and those obtained for a one-dimensional
EQR. The closeness among symbols and lines demonstrate the consistency of
the method. Additionally, it is observed the typical oscillatory behavior of the
ground state energy for infinitely thin quasi-regular rings as the magnetic field
strength increases. The period (difference between the magnetic field strengths165
at two consecutive minima) and the amplitude of the oscillation (peak height)
of a infinitely thin circular QR of radius R are equal to 2/R2 and 1/4R2, re-
spectively. In particular, if the three values of ρ0 appearing in the inset of Fig.
(2) are taken in the order from top to bottom, then the periods for a infinitely
thin circular ring are approximately equal to 3.05, 1.12 and 0.5, respectively,170
which are of the order obtained from the non-uniform WSQR model.
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Alternatively, we have compared qualitatively our energy spectra with those
reported by [5] calculated for geometrically similar nanostructures but with very
different quantum confinement conditions. In this work the calculation of the175
energy spectrum of single-electron systems confined in two-dimensional elliptical
quantum rings with different eccentricities under an axial magnetic field, has
been performed. In order to make a comparison with this work, we have fixed up
a single-electron system from our model, by placing the impurity far away from
the WSQR at the position ~ξ = (ξxo, ξyo, ξzo) with ξxo = ξyo = ξzo = 500.0 a
∗
0180
and a zero electric field is applied. Particularly, we have carried out a one-to-
one comparison of the obtained energy spectra by [5] for EQRs characterized by
eccentricities values of e = 0.25, 0.60 and 0.80 with the three spectra shown in
Fig. 3 from (a) to (c), respectively. In order to guarantee similar aspect ratios
for our WSQRs, we have used the geometrical parameters shown in the insets185
of Fig. 3.
Figure 3: Single-electron WSQR energy spectrum evolution with the variation of the protuber-








ext=ρgext. In order to obtain
similar two-dimensional elliptical systems to those analyzed in [5], values of ρ0int = 1.2 a
∗
0,






0 = π/10 were taken. In addition, the protuberances were
placed diametrically opposed at ϕ
(1)
0 = −π/2 and ϕ
(2)
0 = π/2. In (b) and (c) can be appreci-
ated a set of doubly degenerated localized states which appear as a single-horizontal line. In
(b) there is a pair of states with energy close to 53.0 Ry∗ and in (c) there are two groups of
two states with energies approximately equal to 42.0 Ry∗ and 52.5 Ry∗.
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By comparing the energy spectra of Figs. 3 with the obtained by Ref. [5], it
is observed a numerical difference among the energy values due to the following
facts. In first instance, despite the EQRs and WSQRs have similar aspect-ratios,
there is still a little geometrical dissimilarity between the nanostructures. But190
the most predominant fact is that the authors in Ref. [5] implement a finite
well potential at the EQRs contours, it explains the higher values obtained via
WSQR model in which a hard-wall confinement was assumed. For instance, the
ground state energy for an eccentricity equals to e = 0.25 in Ref. [5] is for about
108 meV and the ground energy value via WSQR model, can be calculated from195
Fig. 3 (a), which is approximately equals to 60 × 5.8 meV = 348 meV . Nev-
ertheless, the main purpose of this comparison is to describe and establish the
similarities of an interesting phenomenon called states localization, observed
in both models and which behaves in a analogous way independently on the
boundary conditions considered in the two models. In a glance to Figs. 3, it200
can be observed the typical AB diamond pattern but unlike the patterns for
very thin regular rings, it can be appreciated in all cases, groups of two oscil-
lating states separated or isolated from the pattern which are named localized
states. Additionally, the more prominent are the protuberances the larger is
the separation of the localized states from the pattern (see the evolution from205
figures (a) to (c)). Phenomenologically, the two localized states can be under-
stood as individual contributions to the energy spectrum made by each of the
two protuberances, which act as two potential wells allowing separately the con-
finement of one electronic bound state. The trapped electron motion in either
well is mostly vibrational. For that reason the states contained in the diamond210
pattern are called rotational states. In the following section these statements
will be treated in more detail.
3.2. Effect of the protuberances size on the hydrogenic WSQR eigenstates
In Fig. 4 is plotted the numerical adiabatic energy Eρ(ϕ) of the Eq. (7a),
as a function of the electron angular position of a hydrogenic complex (with215
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its impurity located at the origin) confined in a WSQR with a single protu-
berance located at ϕ
(1)
0 = π/2, characterized by the geometrical parameters
∆ϕ
(1)
0 = π/10, ρ0int = 1.2 a
∗




int = 0.3491 a
∗
0, for three




Figure 4: a) Adiabatic energy Eρ(ϕ) for three different protuberance elongation values ρgext.
b) Number of localized states as a function of ρgext. The impurity is placed at the origin since
this section is devoted to analyze only the influence of the protuberances size. Both figures
were obtained at zero magnetic and electric field.
The adiabatic energy Eρ(ϕ) plays an important role in the WSQR model
by reason of it is a quantity that gives an account of the non-uniformity of
the WSQR, the donor-electron and the magnetic/electric field - electron in-
teractions. As could be expected, in Fig. 4 (a) is observed a quantum well-
like potential with a minimun located at ϕ = ϕ
(1)
0 = π/2 coincident with the225
most protruding zone of the Gaussian-type structural defect. Besides, the more
prominent the defect is the deeper is the quantum well. This last fact can ex-
plain the results obtained in Figs. 3, since deep quantum wells can localize more
states in contrast to the shallow quantum wells. For that reason, the number of
localized states increases from Fig. 3 (a) to Fig. 3 (c). This statement is reaf-230
firmed in Fig. 4 (b) which allows a characterization of the system thorough the
number of localized quantum states as a function of ρgext. Clearly, the number
of localized states for a single protuberance with the geometrical parameters de-
12
scribed above, increases with ρgext, being more sensitive this stepped function
in the range 0.4− 0.6 a∗0.235
The electron dynamics in a localized/rotational state can be analyzed in
more detail thorough the probability density (PD). In Figs. 5 (a) to 5 (c)
are shown the energy spectra of a hydrogenic WSQR with a single protu-
berance located at ϕ
(1)
0 = π/2, with geometrical parameters ∆ϕ
(1)
0 = π/10,240
ρ0int = 1.2 a
∗




int = 0.3491 a
∗
0, for three different values
of ρg
(1)
ext = ρgext = 0.4655, 0.6655, and 0.8655 a
∗
0 corresponding to Figs. 5 (a),
(b) and (c), respectively. Below, in Figs. 5 (d) to 5 (f), are plotted the first five
low-lying energy states coincident to the situations in figures above.
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The most remarkable feature of electron localized states is the tendency
exhibited by the electron to be found with a high probability in certain regions
of the space, in this particular doubly-connected structure, near the broadest
region of the WSQR, meanwhile, in the rotational states, is more likely the
electron to be found elsewhere. The appearing of additional localized states by250
increasing the protuberance elongation can be appreciated in the energy spectra
E vs. γ of Figs. 5 (a) to 5(c) and the PD calculated from the function Φ(ϕ) (that
describes the rotational motion) in Figs. 5 (d) to 5 (f). As the protuberance
elongation is increased from ρgext = 0.4655 a
∗
0 (Figs. 5 (a) and (d)), followed by
ρgext = 0.6655 a
∗
0 (Figs. 5 (b) and (e)) to ρgext = 0.8655 a
∗
0 (Figs. 5 (c) and (f)),255
it can be observed respectively 3, 4 and 5 localized states labeled by the kets |1〉,
|2〉, |3〉, |4〉 and |5〉. The aspect of the localized states in the E vs. γ patterns is
similar to quasi-horizontal lines in the scale 0− 100 Ry∗. In order to show their
localized nature, one can refer to Figs. 5 (d) to (f) in which the PDs of these
states exhibit an analogous quantum mechanical behavior of the eigenstates for260
a single particle confined in an harmonic potential centered at ϕ = ϕ
(1)
0 = π/2
whose ”latus rectum” in the WSQR model can be emulated by the Gaussian
spread parameter ∆ϕ
(1)
0 . Particularly, it is noticeable the similarity among the
PDs of the hydrogenic WSQR and those obtained from this well-known problem
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Figure 5: Energy spectra (upper row) and PDs of the first five low-lying states (lower row)
of a hydrogenic WSQR with a single protuberance for three different values of its elongation
parameter ρg
(1)
ext = ρgext at zero electric field (figures (a)-(d) ρgext = 0.4655 a
∗
0, (b)-(e)
ρgext = 0.6655 a
∗
0 and (c)-(f) ρgext = 0.8655 a
∗
0). Notice that the energy levels of figure (a)
are lower in comparison of those analyzed in Fig. 3 (c) as consequence of the reduction of the
quantum confinement by considering only one protuberance.
as well as the increment of nodes number with the energy as the system gets265
excited. On the contrary, the rotational states PDs (states |4〉, |5〉 in Fig. 5
(d) and |5〉 in 5 (e)) shows a small probability near the protuberance broadest
zone at ϕ = π/2 and take higher values outside of it, similarly to an overflowed
particle from a finite quantum well.
3.3. Effect of the protuberances location in the hydrogenic WSQR270
In Fig. 6 is shown the energy spectra of a hydrogenic WSQR with the
impurity centered at the origin with two protuberances with the following geo-
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metrical parameters: ρ0int = 1.2 a
∗



















0 = π/10 (the whole system is
at zero electric field). Each figure corresponds to a particular value of inter-275




0 and its com-
plementary inset show the adiabatic energy Eρ(ϕ) (solid line), the PD for the
ground state (dashed line) and the first excited state (dotted line). The adi-
abatic energy and the PD are scaled in the ranges 32.5 − 62.5 Ry∗ (left axis)
and 0 − 0.2 (right axis), respectively. The Figs. 6 (a), (b), (c) and (d) were280
plotted by using values of ∆ϕ = π, 3π/4, π/2 and π/4 in that strict order (see
the schematic figure of the non-uniform WSQR for reference).
Figure 6: Energy spectrum evolution of a hydrogenic WSQR with two protuberances with




0 . a) ∆ϕ = π,
b) ∆ϕ = 3π/4, c) ∆ϕ = π/2 and d) ∆ϕ = π/4.
The sequence of Figs. 6 (a) to (d) shows an interesting evolution of the
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first six low-lying eigenstates and eigenenergies labeled by the kets |1〉 to |6〉.
Starting from inset of Fig. 6 (a), one can see a double quantum system well285
with minima located at ϕ = −π/2 and ϕ = π/2 coincident with the location of
the protuberances and in the spectrum it can be appreciated three doubly de-
generated localized states (similar situation as the analyzed for a single-electron
system in Fig. 3 (c)). Phenomenologically, the double degeneracy obeys to the
fact that each quantum well separately provides one localized state to the en-290
ergy spectrum since they are weakly coupled due to a large angular separation.
According to the PDs, in the ground state |1〉, the electron is located with a high
probability in only one quantum well (graphically in the quantum well at −π/2,
but there is no preference for that particular well since the two protuberances
and indistinguishables). The PD for |2〉 state (with the same energy as |1〉 state)295
predicts the electron is located in only one quantum well as well, in this case, in
the quantum well at π/2, but once more, there is no preference for the electron
to be found for that particular well. In Fig. 6 (b) the situation is very similar
since the quantum wells remain widely separated (weakly coupled), nonetheless,
the first quantum well shifted right to ϕ = −π/4 as expected. Although in Fig.300
6 (c) in view of the quantum wells are closer, the electron ”feels” the presence
of each one of the quantum wells, being this fact supported by the PDs which
clearly show for the quasi-degenerated states |1〉 and |2〉 that the electron has
the same chance to be found with the same probability in each one of the wells
(notice that the PDs for |1〉 and |2〉 are equal). Additionally, the degeneracy305
tends to disappear for the pairs of excited states (|3〉-|4〉) and (|5〉-|6〉) (being
the last pair already distinguishables). Finally, in Fig. 6 (d), the quantum wells
begin to merge in only one well with different morphology as those analyzed pre-
viously. Futhermore, this configuration gives rise to six non-degenerated states,
being the sixth state of rotational nature. As consequence of the quantum wells310
merging, the adiabatic energy looks similar to the potential of the well-known
quartic anharmonic oscillator problem, therefore, the PDs aspect of the |1〉 and
|2〉 states differs to those discussed in Figs. 5, they instead, are more similar to
the ground and first excited states of a quartic oscillator, respectively.
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3.4. States localization induced by protuberances, off-axis impurities and on-315
plane electric fields
The non-uniformity of a WSQR, the off-axis placement of an impurity or the
applying of an uniform on-plane electric field can lead to the arising of localized
states as it can be seen in Fig. 7. In all the figures the geometrical param-
eters ρ0int = 1.2 a
∗
0, ρ0ext = 1.6 a
∗
0 were considered. In Fig. 7 (a) we have320
analyzed the evolution the energy spectrum with the parameter ρg
(1)
ext = ρgext
for a single-electron WSQR with only one protuberance located at ϕ
(1)
0 = 0
and both magnetic and electric fields strengths are set to zero. We start from
the hydrogenic WSQR model and place the impurity far away from the WSQR
at ~ξ = (ξxo, ξyo, ξzo) with ξxo = ξyo = ξzo = 500.0 a
∗
0, and fix the parameters325
ρg
(1)




0 = π/10. In Fig. 7 (a) can be appreciated first
six-low lying energy levels of the energy spectrum which decrease monotonically
as a consequence of the reduction of the quantum confinement in the protuber-
ance. The fourth, fifth and sixth excited levels are less sensible to this change in
the range 0.4− 0.7 a∗0 (because of the small changes in the slope of the curves),330
indicating that in these situations the kinetic energy predominates on the quan-
tum confinement in the total energy being this fact most likely to be observed
in excited states. But in the range 0.7−1.6 a∗0 all the states become more stable
by increasing the parameter ρgext leading to an increment in the electron local-
ization degree as can be seen in Fig. 7 (b) where is plotted the PD |Φ(ϕ)|2 for335
the ground state as ρgext is equal to 0.4 a
∗
0 (left panel) and 0.8 a
∗
0 (right panel).
In both panels the PD exhibit maxima values near ϕ = ϕ
(1)
0 = 0 and shows that
by increasing the protuberance enlongation, the electron tendency to be found
at this point is higher, enhancing the localization degree of the ground state.
340
In Fig. 7 (c) it is plotted the hydrogenic WSQR energy spectrum as a func-
tion of the impurity position defined as ~ξ = (ξ, 0, 0) for the in-plane case (upper
panel) and ~ξ = (ξ, 0, z0) with z0 = 0.5 a
∗
0 for the off-plane case (lower panel). In
order to compare the similarity between the impurity position effect with that
17
Figure 7: a) single-electron WSQR energy spectrum as a function of ρgext and (b) the
corresponding ground state PD for particular values of ρgext = 0.4 a
∗
0 (left panel) and
ρgext = 0.8 a
∗
0 (right panel).c) Hydrogenic WSQR energy spectra as a function of the impurity
position by considering in-plane (upper panel) and off-plane (lower panel) regimes. d) The
corresponding ground state PDs for two different impurity positions ξ = 0.3 a∗0 (left panels)
and ξ = 0.9 a∗0 (right panels) for in-plane (upper panels) and off-plane (lower panels) regimes.
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introduced by the protuberance, it is assumed here a regular WSQR with pa-345
rameters ρ0int = 1.2 a
∗











and at zero magnetic and electric field. In both cases all the energy levels de-
crease as the impurity approaches to the WSQR, this is due to the increment
of the electron-donor interaction term in the total energy as a result of their
oncoming. In the in-plane case, near 1.4 a∗0 (middle point between the inner350
and outer walls of the WSQR) the adiabatic approximation predicts a energy
minimum peak, indicating that in this physical configuration the system is the
most stable possible. The energy minimum value corresponds approximately to
−8 Ry∗ which implies the formation of a hydrogen-like system into the WSQR
whose ground state is a bound one. Beyond this point in the range 1.4− 1.6 a∗0355
the energy levels values increase since the mean donor-electron distance become
greater. On the other hand, in the off-plane case, there is no a pronounced
peak as in the former but a concave curve which shows the change of the donor-
electron term as the impurity center moves from the origin to outwards of the
WSQR. The pronounced peak do not appear in the energy spectrum since the360
impurity to be moved from the inside out, does not have the opportunity to be
located inside the WSQR and therefore forming an hydrogen-like system with a
bound ground state is not possible. In points remote from the minima points (in
the range 0−1.0 a∗0 for instance), there are small energy changes of the order of
tenths of the effective Rydberg as it is shown in the inset of the upper panel. In365
general the electron-donor term plays an important role on the total energy and
it explains straightforwardly the fact that off-plane hydrogenic WSQR energy
levels are higher than the in-plane ones. In Fig. 7 (d) is plotted the PD |Φ(ϕ)|2
for the hydrogenic WSQR system previously analyzed for the in-plane impurity
(upper panels) and off-plane impurities (lower panels). In these panels is illus-370
trated the increasing of the localization degree specifically for the ground state,
by comparing the situation when the impurity position is equals to ξ = 0.3 a∗0
(left panels) and ξ = 0.9 a∗0 (right panels). Particularly, in the left upper panel
the PD presents a flat peak near ϕ = 0 with a value approximately equals to
0.021 but approaching the impurity to the WSQR at ξ = 0.9 a∗0, the peak is375
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squeezed and take a higher value approximately equals to 0.05, indicating that
the electron exhibits a higher tendency to be found at ϕ = 0 since the impurity
is closer in relation with the previous case. A similar but less pronounced effect
can be seen in the lower panels as a result of the decreasing in the electron-donor
average distance. In the left lower panel, the peak is very flat in comparison380
with the one in left upper panel (therefore it means that the off-plane impurity
gives rise a lower localization degree) and its maximum value is approximately
equals to 0.018. Nevertheless, approaching the off-plane impurity to the WSQR
at ξ = 0.9 a∗0 the peak is again squeezed and its maximum rises up to 0.04 (less
than the peak in the right upper panel).385
In Fig. 8 is analyzed the effect of the normalized electric field on a single-
electron WSQR energy structure. For sake of comparison a regular WSQR
with ρ0int = 1.2 a
∗










ext = 0) at
zero magnetic field with the impurity placed at infinity, it was considered. In390
Fig. 8 (a) is plotted the single-electron WSQR energy as a function of the
normalized electric field η. The sing ± of η denotes the normalized electric
field orientation (+η oriented to the positive x-axis while −η to the negative
one). The energy curves are symmetric respect to the vertical axis showing
that the single-electron regular WSQR system responds equally regardless of395
the direction of the electric field. The energy levels for large values of η tend to
a set of lines with the same slope which is reasonable having into account that
the total single-electron energy is proportional to the normalized electric field
strength. Consequently, this is an indicator of the electric field predominance
over the remaining terms in Eq. (1), being this effect more noticeable in low-400
lying states that in the most excited ones (from the fifth level and upwards,
the curves have a parabolic-like behavior for small values of η indicating the
strong competition between the kinetic energy and the electric field term). In
Fig. 8 (b) is plotted the corresponding adiabatic energy of the previous single-
electron WSQR system for several values of η. From this figure is possible to405
observe that increasing negative −η values (solid lines) from −0.01 to −8.00,
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Figure 8: a) Energy spectrum of a single electron in a uniform WSQR as a function of the
normalized electric field η and (b) the corresponding adiabatic energy Eρ(ϕ) for different
values of ±η. c) Ground state PD for different values of ±η. The increment of the normalized
electric field strength, can favor the ground state localization either near ϕ = 0 by applying a
−η field or ϕ = π (equivalently ϕ = −π) with a η field.
deeper quantum well-like curves are obtained, all of them with a minimum near
ϕ = 0, therefore, the system tends to be more stable by reducing the total
energy as is observed in Fig. 8 (a). Similarly, by increasing the positive values
of η, from 0.01 to 8.00, deeper quantum wells are formed but near ϕ = π (or410
ϕ = −π) which also leads to a reduction of the total energy. The positions
of the minima points indicate the angular positions in which is more likely to
find the electron, for instance, for negative and positive values of η the PD is
expected to have greater values near ϕ = 0 and ϕ = π (or ϕ = −π), respectively,
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which is in accordance with the ideas of the classical physics. This fact can be415
seen in Fig. 8 (c) where the PD is plotted. In their figure panels is possible to
study the states localization phenomenon for the ground state by applying an
uniform in-plane electric field, as the observed with protuberances and off-axis
impurities. In the upper panels, from left to right, the negative electric field
−η is increased starting from −0.1, then −2.0 to −8.0. One can observe that420
for the smaller value of −η the single-electron ground state is rotational but
for larger values, the states become localized since the PD adopts a peak form
taking higher values and getting more squeezed near ϕ = 0 as η is increased.
A similar situation is appreciated by taking positive values of η (0.1, 2.0 and
8.0), but on the contrary to the last case, the peak is centered at the opposite425
side of the WSQR reinforcing the adiabatic energy discussion treated in Fig.
8 (b). A glance to the energy structure of Fig. 8 (a) invites to consider an
applied electric field to a level degenerated system to explore the observation of
the well-known quantum mechanical phenomenon Stark effect, particularly in a
hydrogenic WSQR.430
3.5. Stark-like effect in hydrogenic WSQRs
A mechanism to obtain doubly degenerate energy levels in the spectrum is
considering a hydrogenic WSQR with two-protuberances as those previously
discussed in Fig. 6. In Fig. 9 (a) is plotted the energy spectrum of the hy-
drogenic WSQR analyzed in Fig. 6 (a), at zero magnetic field, as a function435
of the normalized electric field oriented to the ± x-axis. In concordance with
Fig. 6 (a), in the E vs. η spectrum at zero electric field, one can observe the
three pairs of doubly degenerated levels which are split off by increasing the
electric field strength η similarly as in quantum mechanical systems as atoms
and molecules, phenomenon which is well known as Stark effect. The pairs of440
spectral lines (|1〉 − |2〉), (|3〉 − |4〉), and (|5〉 − |6〉) are split off for η values
of 1.70, 8.74 and 16.96 while the most excited states (the rotational ones) tend
to a asymptotic linear behavior faster than the previous six localized states.
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In view of the two protuberances are located diametrically opposed along the
y-axis, the system exhibits a reflection symmetry respect to this axis, recog-445
nizable in the Stark-like pattern. In Fig. 9 (b) is plotted the energy spectrum
of the same hydrogenic WSQR but now it has been increased the geometrical
parameters ρ0int and ρ0ext to the values 2.2 and 2.6 a
∗
0, respectively. Essentially
the symmetry and the energy levels behavior is preserved but one can notice
the following changes. In first instance, graphically, the energy levels for large450
values of η are more inclined, which is explainable since the electric field term
in the Hamiltonian (1) is directly proportional to ρ coordinate, or equivalently
in light of our model, WSQRs with greater mean radius augments the slope of
the curves when the η term predominates on the total energy. On the other
hand, with the configuration of Fig. 9 (b), are obtained two additional pairs of455
degenerated localized states which is related to a decrease in the electron’s ro-
tational kinetic energy due to the increase in the mean radius (for example, the
energy of a rigid rotor is in inverse square relation with the radius of rotation)
which allows the electron to be confined easier on some of the protuberances.
460
Figure 9: Stark-like patterns of two hydrogenic WSQRs with different sizes.
Finally, the spectral analysis made thorough in previous sections, invites
to consider the possibility of designing and configuring nanostructured systems
23
with a great variety of adjustable geometrical and physical parameters in order
to favor or hinder the electronic mobility, similarly, as in the manufacturing of
some devices of the conventional electronics.465
3.6. Electric field detection with a hydrogenic WSQR based system
In Fig. 10 (a) is presented the ground state energy as a function η of a
quasi-regular hydrogenic WSQR with only one protuberance and with parame-
ters ρ0int = 1.0 a
∗








0 = 0, ∆ϕ
(1)
0 = π/2, for
three small and different values of ρg
(1)
ext equal to 0.11 a
∗
0 (dotted line), 0.12 a
∗
0470
(dashed line) and 0.13 a∗0 (solid line). The impurity is placed at the position
~ξ = (−0.45, 0, 0) a∗0 and the whole system is at zero magnetic field. At first
glance, one can observe that the ground state exhibits a maximum right shifted
when the parameter ρg
(1)
ext is increased. The maxima energy values (black dots
on the curves) are 58.00 Ry∗, 56.30 Ry∗ and 54.70 Ry∗ at the specific values of475
η equal to 0.342, 1.277 and 2.034, respectively. This fact suggest a strong energy
spectrum sensitivity with small morphological WSQR changes. Supported by
Fig. 10 (b), is possible to analyze the ground state quantum mechanical behav-
ior in a vicinity near the maximum. In this figure is presented a vertical tandem
of the ground state PD evolution for the previous system as ρg
(1)
ext = 0.13 a
∗
0480
for several values of η starting from 1.684 to 2.384. The area under the curves
were filled in order to favor the visualization. Clearly, it is appreciable when
an electric field is applied in the range 1.684 − 1.934 and 2.134 − 2.384, the
ground state behaves as a localized state near ϕ = 0 and ϕ = π, respectively,
but on the contrary, in the narrow range 1.984 − 2.084, it behaves as a rota-485
tional state. Consequently at low temperatures, it is possible to define narrow
intervals of applied normalized electric field η for each curve in Fig. 10 (a) in
which is possible to observe a detectable loop-current only in the ground state,
out of these intervals, is not possible to observe it since the ground state is
localized. In other words, the curves in Fig. 10 (a) allow to characterize the490
electric field response of the three WSQRs configurations (electric field WSQRs
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Figure 10: a) Ground state energy as a function of the normalized electric field η for ρgext =
0.11 a∗0 (dotted curve), ρgext = 0.12 a
∗
0 (dashed curve), ρgext = 0.13 a
∗
0 (solid curve). At
low temperatures, if an electric field with a magnitude value within the ranges among the
vertical lines is applied, then it is possible to measure a nanoscopic loop-current in each
configuration since the ground state behaves as a rotational state, out of the intervals it is
strongly localized (see the schematic figure above the curves). b) Ground state PD evolution
with ρgext = 0.13 a
∗
0 for several values of η. Within the narrow range of η : 1.984− 2.084, the
ground state is rotational, otherwise is localized. A similar analysis was performed in order
to determine the electric field intervals in the other two configurations.
based detectors) with ρg
(1)




0 and 0.13 a
∗
0, predicting
measurable nanoscopic loop-currents into the WSQRs if electric field strengths
are applied in the narrow intervals of η between 0.292 − 0.392 (vertical dotted
lines), 1.227 − 1.327 (vertical dashed lines), 1.984 − 2.084 (vertical solid lines),495
respectively.
Conclusions
The eigenenergies and eigenfunctions of a off-plane hydrogenic complex with
the electron restricted to move into a non-uniform washer-shaped quantum ring
under crossed electric and magnetic field were calculated. The proposed model500
is versatile enough to be compared successfully with similar systems such sin-
gle electrons in elliptical shaped two-dimensional rings. The lateral protuber-
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ances in realistic quantum rings (emulated in this work by position-controlable
Gaussian functions) can lead to states localization, modifying significantly the
quantum levels and the electron mobility as well as off-centered impurities and505
applied in-plane uniform electric fields. The dimensionality and the positions
of the protuberances also play a crucial role on the electron dynamics. Pro-
tuberances separated enough can lead to degenerated energy levels feasible to
be split off by applying an electric field allowing to observe the Stark effect in
this particular nanostructure. Finally, based on the Stark effect study, it was510
analyzed the localized/rotational nature of the ground state in a hydrogenic
WSQR to show a very sensitive electric field response of the system which could
be interesting for technological purposes.
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In this last chapter, it was analyzed other few-particle systems confined in nanostructures
with different morphology to the QRs. Nevertheless, their realization was crucial in the
understanding and refinement of some analytical and computational calculations that were
used in the previous chapters. In this sense, the works analyzed in this chapter are in abso-
lute connection with the aims and topics treated previously. As stated at the introduction,
the QRs topology is singular since by some geometrical variations is possible to reproduce
other nanostructures with different morphologies. This is the case of nanostrips or quan-
tum ribbons, which are obtained as a limiting case when the inner and outer QR radii tend
to the same value, giving rise to a doubly-connected two-dimensional space to confine the
few-particle systems. In the papers: "Off-axis magneto-donor impurity in a non-uniform
height quantum ribbon" [89] and "Donor impurity states in a non-uniform quantum strip:
Geometrical and electro-magnetic field effects" [88], the quantum ribbon height dependence
with polar angle is modeled trough the two-parametric function. One of these parameters
define the number of protuberances and the other one allows us to exert control on the struc-
tural deformation depth. The first work is devoted the analysis of the localized eigenstates
as a function of the magnetic field whereas the second one analyzes interesting phenomena
such as quenched Aharonov-Bohm oscillations and stark-like effects due to the presence of
an in-plane electric field. Additionally, is analyzed the localization of states as consequence
of off-axis impurities.
An interesting study of D+2 binding energies confined in a GaAs/Ga1−xAlxAs quantum well
based on the variational principle, was perfomed in: "Hydrostatic pressure, temperature and
aluminum concentration effects on the ground state of coupled donors in a GaAs/Ga1−xAlxAs
quantum well" [91]. In addition, it is discussed the binding energy changes with the hydro-
static pressure strength, the sample temperature and the aluminum concentration.
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Finally, in the contribution entitled: "Dimensionality effect on two-electron energy spec-
trum: A fractional-dimension-based formulation" [90], is analyzed the spectrum of a two-
electron anisotropic quantum dot with adjustable parabolic confinement (ellipsoidal-shaped)
via fractional-dimension formulation. It is shown that by adjusting the parabolic terms, it is
possible to reproduce the energy spectrum of two-electron quantum spheres, disks and wires.
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Non uniform heighta b s t r a c t
Single electron and off-axis neutral donor in non-uniform height quantum ribbon under
threading external magnetic field is analyzed. The quantum ribbon height dependence
with polar angle is modeled trough the two-parametric function. One of these parameters
define the number of protuberances and the other one allows us to exert control on the
structural deformation depth. By considering quantum ribbons with very small
height-to-base aspect ratio, it was possible to obtain the energy structure through the
adiabatic procedure. The corresponding angular dependent Schrödinger equation can be
solved in the framework of the exact diagonalization method. The results of calculation
show that the Aharanov–Bohm oscillation patterns are very sensitive against changes of
the quantum ribbon structural parameters.
 2015 Elsevier Ltd. All rights reserved.1. Introduction
In the last few years, optimized growth conditions of semiconductor materials have allowed to obtain a rich variety of
nanostructures with different sizes and shapes. The most commonly reported morphologies include, inter alia, disk, lens,
ring, pyramidal, and cone shapes [1,2]. Recently, it was reported a novel kind of nanoscale object formed by self-rolling
up semiconductor layers [3,4]. The results are ultra-thin nano-rings and nano-tubes with interesting structural properties
which make of these nano-systems candidates for fundamental investigations as well as for technological applications
[5]. Lift-off is another special technique used to fabricate curved thin layers of the GaAs/AlGaAs heterojunctions together
with the two-dimensional electron gas [6].
Theoretical calculations of the energy spectrum of carriers confined into the ultra-thin nano-structures obtained by both
self-rolling up semiconductor layers and lift-off methods have assumed azimuthal symmetry and uniform length [3,4,6].
However, and even when a goal during the nanostructures growth could be aimed at obtaining defect-free systems, it is
unavoidable the appearance of structural defects. In this regard, AFM images of the surface quantum rings [7,8] have allowed
to establish that these nanostructures are characterized by azimuthal anisotropy and structural asymmetry which shows
that these nano-structures are not perfect in the sense that they have variable height and width.
It is well known that electrons confined to move into very narrow semiconductor nano-rings under axial static magnetic
flux display their quantum nature by means of so-called Aharonov–Bohm (AB) oscillations [9] which corresponds to an oscil-
latory behavior of electron energy levels as a function of an applied magnetic field. In comparison with perfect rings whose
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non-uniform cross-section [10,11] or distorted narrow nano-rings lying on a plane [12] are considered.
Motived by the above mentioned theoretical works and experimental reports which show that non-planar and inhomo-
geneous semiconductor two-dimensional electron systems can be grown in the laboratory, in this work we investigate how
the quantum nature of an electron forced to move into the non-uniform height quantum ribbon (QRb) and electrostatically
bounded to an off-axis positively charged impurity (donor center) is affected by the presence of an axial magnetic flux. In
Fig. 1 we have depicted a three-dimensional scheme of an off-axis magneto donor impurity confined in GaAs QRb with
non-uniform height.
The structure of this work is organized as follows. In Section 2, we derive the Schrödinger equation in the framework of
the adiabatic approximation for an off-axis neutral donor into the quantum ribbon (QRb) with non-uniform height under the
presence of magnetic field. We assume that the quantum ribbon is characterized by a very small height-to base aspect ratio.
Section 3 presents the results and discussion. Finally, the conclusions are summarized at the end.
2. Theoretical framework
AFM images of narrow nano-rings obtained by droplet epitaxy technique allows us to observe a noticeable central crater
and nano-rings compound by a different number of protuberances and valleys [7]. Based on these structural evidences and
the realistic non-uniform height profile [7,8] for these nano-system, we assume that the QRb height dependence with polar





ð1ÞThis two-parameter function hðuÞ allows us to control both the depth of the protuberances and the number of them by
changing a and, n respectively. h0 is a height for an uniform QRb which is obtained when a or n are equal to zero.
We assume that the electron of effective mass m is forced to move into the non-uniform QRb and bound to an off-axis
positive donor impurity located on the QRb base at a radial distance q ¼ Ri from the QRb axis. In what follows, we consider an
infinite electron barrier confinement potential, Vðz;uÞ which is assumed to be equal to zero inside the ribbon and infinite
otherwise. The uniform magnetic field ~B ¼ Bẑ is applied along the z axis. In our numerical calculations we have used the
effective Bohr radius, a0 ¼ h
2e=me2 the effective Rydberg, Ry ¼ e2=2ea0 and c ¼ ehB=2mcR

y as effective units of length,
energy, and the dimensionless magnetic field intensity, respectively.












þ Vcoulðz;uÞ þ Vðz;uÞ
" #
Wðu; zÞ ¼ EWðu; zÞ ð2Þwhere electron-positive donor impurity Coulomb interaction is given by:Three-dimensional scheme of an off-axis magneto donor impurity confined in quantum ribbon of radius R with non-uniform height hðuÞ under
ng magnetic field ~B ¼ Bẑ. The donor is located at the point ðRi;0;0Þ while the electron’s position is (R;u; z).
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2bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ R2i  2RRicosuþ z2
q ð3ÞIn this interaction we have introduced an artificial parameter b in order to consider two important cases; only one
electron (b ¼ 0) or a neutral donor impurity center (b ¼ 1).
Taking into account that the structural measurements on nano-structures with cylindrical symmetry (rings and disks)
show that height-to-base radius aspect ratio is much smaller than one. In consequence, and according to Heisenberg’s
uncertainty principle, the electron motion in z-direction must be faster than the electron rotational motion. We can
capitalize this experimental fact in order to use the well-known adiabatic approximation to separate the electron rapid
motion in z-direction from the electron slow rotational motion around the z-axis. In this regard the electron total wave
function can be expressed as Wðu; zÞ ¼ f zðz;uÞUðuÞ where f zðz;uÞ describes the fast electron motion in z-direction while
UðuÞ describes the slow electron rotation motion around the z-axis and satisfies the boundary condition UðpÞ ¼ UðpÞ.
It is possible to show that a consistent application of the adiabatic approximation to the Hamiltonian (2) provides the





f zðz;uÞ ¼ EzðuÞf zðz;uÞ ð4ÞIn this equation and according to the adiabatic procedure u behaves as a constant. The Eigen values EzðuÞ and the
function f zðz;uÞ corresponds to the ground state energy at each point u equal to a constant and the electron wave function
in z-direction, respectively are equal to:EzðuÞ ¼
p2
½hðuÞ2


















þ Veff ðuÞ  E
" #
UðuÞ ¼ 0 ð6ÞThe electron in its rotational motion around feels an effective potential Veff ðu; bÞ:Veff ðu; bÞ ¼
p2
h2ðuÞ
þ hf zðz;uÞjVcoulðz;u; bÞjf zðz;uÞi ¼ VgeomðuÞ þ Vcoulðu; bÞ ð7ÞWe can observe that the structural deformations of the QRb enters into the one dimensional Schrödinger equation
through the effective potential via geometrical potential term of the form p2=h2ðuÞ while the effect of positive center donor
on the electron enters into the Eq. (7) via the average attractive Coulomb interaction term.
The one-dimensional Schrodinger Eq. (6) with azimuthal effective potential Veff ðu; bÞ describes the electron rotation








dm0 ;m  D

 ¼ 0; m0; m ¼ 0;1;2; . . . ;N ð9aÞ
Dm0 ;m ¼ m0mbm0 ;m þ mm0 ;m  cmdm0 ;m ð9bÞwhere












Veff ðu; bÞ exp½iðm0 mÞudu ð10bÞThe solution of the secular Eq. (9) allows us to obtain the energy eigenvalues E.
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The effective potential with (b ¼ 1) and without (b ¼ 0) electron-positive donor Coulomb interaction was calculated to
understand the dependence the electron and neutral donor energy spectra on the QRb geometrical parameters and the exter-
nal magnetic field. The effective potential profiles as a function of the electron angular position have been plotted in Fig. 2 for
the cases, n ¼ 3, a ¼ 0:1;0:2 and 0:3 by considering h0 ¼ 0:2a0 and R ¼ 1:0a0. The solid lines correspond to the case b ¼ 0 and
the lines with symbols correspond to the case b ¼ 0 where the positive impurity was located at the point Ri ¼ 0:9a0.Fig. 2. Evolution of the effective potential Veff ðu; bÞ with angular polar u for a fixed number of protuberances n ¼ 3 and three different values of a
parameter: 0:1;0:2; and 0:3. The solid lines corresponds to b ¼ 0 and the lines with symbols corresponds to b ¼ 1.
Fig. 3. One electron and off-axis donor energy structures as a function of the threading magnetic field for a fixed value of the protuberances number n ¼ 2.
The left panels corresponds to the case b ¼ 0 and the right panels describes the cases b ¼ 1 with Ri ¼ 0:9R and R ¼ 1a0. The upper panels correspond to case
a ¼ 0:1 and the lower panels corresponds to the case a ¼ 0:3.
Fig. 4. One electron and off-axis donor energy structures as a function of the threading magnetic field for a fixed value of the a and b parameters equal to 0.2
and, 0:81a0 respectively. The left panel upper, central and lower panels correspond to the case n ¼ 1;3; and 5 respectively. The quantum ribbon radius was
taken equal to 0:9a0.
68 Y.A. Suaza et al. / Superlattices and Microstructures 87 (2015) 64–70In our calculations we have considered K = 20 because with this number of Fourier functions allow us to obtain energy
values with an accuracy of thousandths of effective Rydberg.
We can observe that the greater is the a-parameter the higher is the peak of each 3 protuberances, and therefore this fact
should produce a way of trapping and locate electrons in a small region since the confinement geometrical potential VgeomðuÞ
Y.A. Suaza et al. / Superlattices and Microstructures 87 (2015) 64–70 69be favored with increasing of a. On the other hand, the positive donor presence tends to be deeper the Veff ðu;1Þ bottom
valley in comparison with Veff ðu; 0Þ bottom valley as a consequence of the attractive electron-positive donor Coulomb
interaction which tends to increase the electron localization into the valleys defined by VgeomðuÞ. This effect is only observed
for the valley located at u ¼ 0 since we have assumed that positive donor center is located on the X-axis.
The evolution of one electron (b ¼ 0; left panels) and off-axis donor (b ¼ 1;Ri ¼ 0:9a0, right panels) energy spectra with
the external magnetic field are shown in Fig. 3 for the cases a ¼ 0:1 (upper panels) and a ¼ 0:3 (lower panels) and a fixed
number of protuberances n ¼ 2. In each panel is possible to identify two different classes of energy states. On the one hand,
there are several states who are insensitive to variations in the magnetic field strength (states defined by horizontal lines). In
the case of a ¼ 0:1 (upper panels) these states lying in energy range between 250 and 305Ry, whereas for a ¼ 0:2 the energy
range is between 250 and 615Ry. By comparing the energy curves of Veff ðu; bÞ plotted in Fig. 2 with these two sets of energy
values, it is possible conclude that the levels non sensitive to variations in the magnetic field strength are exactly distributed
into the Veff ðu; bÞ. Taking into account that persistent current are not possible in quantum rings with energy levels indepen-
dent of the magnetic field, in this case, then electron quantum nature is displayed by means of purely vibrational movements
into the Veff ðu; bÞ. On the other hand, the electron energy levels outside the effective potential Veff ðu; bÞ display an oscillatory
behavior (AB effect) which arises as a result of the strong competition between the paramagnetic and diamagnetic terms in
Hamiltonian (6). The period of these oscillations are equal to 2
R2
¼ 2 and the corresponding energy minima fall at the points,
c ¼ 2M=R2 being M ¼ 0;1;2; . . . the angular momentum quantum number. In this case the electron displays its quantum
nature for describing pure rotational motion around the z-axis which generates persistent currents into the QRb.
By comparing the upper panels (a = 0.1) and the lower panels (a = 0.2) it is possible to observe that the greater parameter
a the greater the number of vibrational states due to the greater height of the protuberance. In consequence, an increase of
the a-parameter tends to destroy the persistent current conditions into the QRb. This effect is still much more noticeable
when the positive donor center is located at the vicinity of the QRb inner surface since the energy levels undergo an
additional shifting down into the Veff ðu;1Þ (right panels) in comparison with the electron energy levels distribution into
the Veff ðu;0Þ. The presence of the donor impurity has another consequence on the energy levels structure. The apparent
duplication of states in the right panels in comparison to the left panels is due to the Coulomb interaction between donor
and electron removes the double degeneracy (introduced trough the Eq. (1) by taking n = 2) present in each of vibrational
levels of the cases b ¼ 0. The existence of the double degenerated states in the case b ¼ 0 becomes evident in the energy
transition zone the vibrational states toward rotational ones where it is possible to observe two overlapped levels near to
305Ry when a ¼ 0:1 or near to 615R

y when a ¼ 0:2.
The number of protuberances effect on the energy structure with Veff ðu;1Þ in quantum ribbons are displayed in Fig. 4. The
number of protuberances considered were, n ¼ 1;3 and 5, for a fixed geometrical parameter values, h0 ¼ 0:2a0, R ¼ 0:9a0 and
Ri ¼ 0:9R. The n value defines of number of overlapped vibrational states or the cross linked states in the transition zone of
vibrational toward rotational states defined between 360 and 420Ry. In this regard, each protuberance provides is own
energy level being quite similar to small cluster of atoms that come together in order to form molecules. However, in
Fig. 4 we can observe a little difference in comparison with the curves displayed in Fig. 3 for n ¼ 2 where the energy degen-
eration was completely broken by electron-donor Coulomb interaction. In Fig. 4 this interaction only can be partially broken
because only one level can be separated from the other levels. For instance, if n ¼ 3 it is possible to observe two degenerated
levels and the other one is slightly shift down while four degenerated states are slightly above of the other one for the case
n ¼ 5. The energy state separated by the Coulomb interaction is the corresponding one provided by the protuberance closest
to the positive donor impurity. This fact is an indicator that the competition between VgeomðuÞ and Vcoulðu; bÞ terms are
strongly dependent on the number of protuberances n as well as the a parameter. For instance, when n ¼ 1 it is possible
to observe a great number of vibrational states in comparison with n ¼ 3 and n ¼ 5 cases. Two important facts are bound
with this result. On the one hand, the reduction in the protuberance number increase the electron location due to geomet-
rical potential quantum well tend to be wider and the electron vibrational states become deeper. On the other hand, an
increase in the number of protuberances increase the formation of rotational states due to the greater electron tunneling
probability trough geometrical potential barrier whose wide decrease by increasing n. In consequence, the smaller is the
protuberances number the greater is the number of vibrational states. It is due to the smaller protuberance number the
wider the geometrical potential well which allows accommodate a larger number of vibrational energy states.4. Conclusions
We have studied the effect of the structural irregularities in quantum ribbons by considering non-uniform height which is
defined through the two-parameter function. One of these parameters defines the number of protuberances and the other
one defines depth of the geometrical valleys. This two-parameter function enters on the Schrödinger equation via geomet-
rical potential. It was found that both parameters tend to modify the AB oscillation pattern. An appropriate choice of these
geometrical parameters can facilitate the appearance of vibrational states or rotational states into or over the geometrical
quantum well, respectively. The number of protuberances considered define the degeneration degree of the vibrational
states which can be partially removed by the electron-donor Coulomb interaction.
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The neutral donor energy structure in non-uniform height quantum strip under the
presence of crossed electric and magnetic fields is studied. The quantum strip height has
been modeled by including a phenomenological two-parametric function. The first of
these parameters is related to the number of structural hills present on the nano-strip,
while the second one allows us to control the hills height. We solve the Schr€odinger
equation by considering specific quantum strips whose height-to-base aspect ratio is very
small, which makes possible to calculate numerically the energy structure trough the
adiabatic approximation and the exact diagonalization method. In limit cases, our results
are in good agreement with those ones previously reported. Periodic oscillations of the
ground state energy with magnetic field strength can be tuned by applied electric field
which also yields an anti-crossing of the energy levels in a quantum strip with two hills.
The energy level structure are strongly sensitive to changes of nano-strip geometrical
factors.
© 2017 Elsevier Ltd. All rights reserved.1. Introduction
Recently, optimization of semiconductor growth conditions have allowed to obtain GaAs/AlGaAs ultra-thin quantum rings
(QRs) and nano-tubes which are experimentally formed by self-rolling up semiconductor layers [1,2] or using lift-off tech-
nique [3]. The charge carriers into these nanostructures are forced to move into quasi two-dimensional semiconductor cy-
lindrical strips. The interesting structural properties observed in these nano-systems make them excellent candidates to
achieve fundamental researches in order to test the predictions of quantum mechanics which could lead to technological
applications [4]. Preliminary calculation results of electron-hole binding energies [5] and the electron energy states [6] have
proved that these energies are much greater than in bulk. It is due both to strong two dimensional confinement which are
subjected the charge carriers and the curvature of these hollowed nanostructures. As far as we know, the above mentioned
calculations have assumed azimuthal symmetry and uniform length [1,2]. Nevertheless, during the nanostructure growth
process, different types of defects could appear in the system, especially those relatedwith geometrical imperfections and the
existence of donor impurities. On the other hand, atomic force microscopy images on QR surfaces [7,8] have shown that these
nanostructures are characterized by an azimuthal anisotropy and structural asymmetry. Besides, it is well known that
electrons confined to move into very narrow semiconductor QRs under axial static magnetic flux display their quantum
nature through so-called Aharanov-Bohm (AB) oscillations [9,10] which correspond to an oscillatory behavior of electron).
Y.A. Suaza et al. / Superlattices and Microstructures 103 (2017) 127e138128energy levels as a function of the magnetic field strength. Taking into account the above experimental observations, it seems
reasonable to assume that the typical cylindrical quantum tube with constant curvature may actually be closer to quantum
strip with non-homogeneous height profile. Additionally, it is well known that semiconductor nanostructures doped with
acceptor or donor impurities can significantly affect their electro-optical and kinetic properties. Particularly, the presence of
hydrogen-like donors in semiconductor nanostructuresmay increase the electronic conductivity substantially -a fact inwhich
the application of electric andmagnetic fields have an important influence. This is the reasonwhy, over the last decade, much
experimental and theoretical works have been carried out on the hydrogenic donor impurities under strong confinement
conditions in semiconductor nanostructures with the aim of exploring their energy structure [11e15] to develop novel ap-
plications in opto-electronics and quantum computing.
Motivated by the above mentioned theoretical works and experimental reports, in this contribution we investigate the
energy structure of an off-axis donor impurity in a cylindrical strip, whose single electron is forced to move into the non-
uniform height quantum strip (QS) under the presence of crossed electric and magnetic fields. Unlike defect-free QSs with
constant curvature radius and uniform height, in the present paper we show that the AB oscillation pattern for an electron in
non-uniform QS undergoes significant changes. It is due to the most probable location of the electron occurs at the widest
regions of the QS. This fact can be reinforced or weakened by the presence of an electric field which could breaks the
rotational symmetry allowing the wave function becomes localized or delocalized according of the electric field orientation.
Futhermore, the electric field yields to an anti-crossing of the energy levels similar to those reported for double quantum
wells separated by thin barrier potential, which leads to the so-called Stark effect [16e20].
2. Theoretical model of an off-axis donor in non-uniform quantum strip
Let us consider an electron confined in the conduction band and forced tomove into the two-dimensional cylindrical GaAs
QS (see Fig. 1, for a QS with one hill (left-panel) and two hills (right panel)). The electron is electrostatically bounded to an off-




Founded on atomic force microscopy images of very narrow QRs which show the existence of an appreciable central hole
and a non-uniform height contour [8,21], we will consider in the present work a QS with a different number of hills and
valleys, being these structural deformations azimuthal angle-dependent (fÞ. In this regard, the QS height dependence with f





(1)This two-parametric function allows us to control both the depth (height) of the valleys (hills) and the number of them by
changing d and n, respectively. h0 is the height of an uniform QS which is obtained when d or n are equal to zero.
Within the framework of effective mass approximation, the dimensionless Schr€odinger equation for an off-axis donor in














þ hRcosfþ Vcoulðz;fÞ þ Vconðz;fÞ
#
Jðf; zÞ ¼ EJðf; zÞ (2)
where Vconðz;fÞ is the electron confinement potential which is assumed to be equal to zero inside the strip and infinity
otherwise. The attractive electron-donor Coulomb interaction Vcoulðz;fÞ is given by:
Vcoulðz;fÞ ¼ 
2 r! R!i ¼ 
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ R2i  2RRicosfþ z2
q (3)
where r! denotes the electron position vector.




fields, were oriented along the X and Z axes, respectively.
Additionally, we have used the effective Bohr radius a*0 ¼ Z
2
ε=m*e2 and the effective Rydberg R*y ¼ e2=2εa*0 as effective units
of length and energy, respectively. g ¼ eZB=2m*cR*y and h ¼ eFa*0=R
*
y denote the dimensionless magnetic and electric field
strengths, respectively. For a GaAs nanostructure, the length and energy dimensionless units are a*0 ¼ 98:6 Å and
R*y ¼ 5;83 meV , respectively.
Experimental reports on structural measurements on quantum dots with cylindrical symmetry (rings, disks and lenses)
have revealed that height-to-base radius aspect ratio is much smaller than one. Consistently with Heisenberg’s uncertainty
principle, the electron motion along Z-direction is expected to be much faster than the rotational one. Therefore, we can take
advantage of this experimental fact in order to separate the electron rapid motion in Z-direction from the slow rotational
motion around the Z-axis. Hence, we propose the full electron wave function as a product of two functions; that is:
Fig. 1. Off-axis donor impurity in a quantum strip with one hill (left picture) and two hills (right picture) under the presence of crossed electric (X-direction) and
magnetic (Z-direction) fields.
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where FðfÞ describes the slow electron rotational motion around the Z-axis and satisfies the periodic boundary condition
FðpÞ ¼ FðpÞ. The fast electron motion in Z-direction is described by the function fzðz;fÞ. According to adiabatic procedure,
the quantity f in this function must be considered temporarily as a parameter.
The proper use of the adiabatic procedure allows us to obtain from Eqs. (2) and (4) the following wave equation for the fast






fzðz;fÞ ¼ EzðfÞfzðz;fÞ (5)In each point f equals to a constant, the electron is constrained to move into a one-dimensional quantum well of width
hðfÞ. The knowledge of corresponding ground eigen-energy EzðfÞ and eigen-function fzðz;fÞ of Eq. (5), which can be obtained
analytically and written as,














allows us to obtain the following one-dimensional orbital Schr€odinger equation for an electron rotating around the Z-axis
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þ hRcosfþ VcoulðfÞ ¼ VgeomðfÞ þ hRcosfþ VcoulðfÞ (8)
where VcoulðfÞ ¼ fzðz;fÞjVcoulðz;fÞjfzðz;fÞ is the angule-dependent expectated value of electron-donor Coulomb interaction.
It is possible to observe that effective azimuthal potential barrier Veff ðfÞ is the result of three different contributions. First,
a potential confinement purely of geometrical nature VgeomðfÞ ¼ p
2
h2ðfÞ which takes into account the non-uniform QS height
contour. Secondly, the confinement term hRcosf corresponds to electric field which tends to push the electron toward ± X-
direction according to its orientation. The last term is the average electron-donor Coulomb interaction.
The solution of the one-dimensional orbital Schr€odinger equation (7) corresponding to one electron immerse into
effective azimuthal potential barrier Veff ðfÞmay be obtained by considering series expansion of eigen-functions of the orbital




CmexpðimfÞ (9)The eigen-energies E can be obtained by solving the corresponding secular equation of order 2N þ 1 which arises by




dm0;m  Dm0;mjj ¼ 0;m0;m ¼ 0;±1;±2;…;±N (10a)













Veff ðfÞexp½iðm0  mÞfdf (10d)3. Result of numerical calculations and discussion
Before to analyze the energy structure of an off-axis neutral donor in non-uniform height QS, we have checked the quality
of the method implemented here by comparing our results in the following limit cases: firstly, an electron in quasi-one
dimensional ring. In this case, we have intentionally left aside the attractive electron-donor Coulomb interaction given by
Eq. (3). Secondly, an on-axis donor in quasi-one dimensional ring. The above mentioned situations are shown in Fig. 2(a) and
(b), respectively and compared with those results previously reported in Ref. [22]. The radius of the QS used in these cal-
culations was R ¼ 2a*0.
From these curves, we can recognize an oscillatory behavior of the ground state energy with the magnetic field strength
whose period is equal to 2=R2 ¼ 0:5 which is independent on the presence of donor impurity. This behavior called AB effect is
a result from the contributions of paramagnetic term ( g) and diamagnetic term ( g2) present in the one-dimensional
orbital Schr€odinger equation (7). In this regard, the slope of the energy states corresponding to negative eigen-values of
the quantum angular momentum undergoes a change from negative values (predominance of paramagnetic term on the total
energy) to positive values (predominance of diamagnetic term on the total energy) in the inflection points corresponding to
Fig. 2. Ground state energy as a function of dimensionless magnetic field. A comparison between results from Ref. [22] (black circle symbols) and this work (solid
lines) for one-electron (a) and on-axis donor impurity (b) confined in a one-dimensional quantum ring.




y for an electron and Emax ¼ 14R2 
2
R ¼ 0:0625 R
*
y  2R ¼ 0:9375 R
*
y for an on-axis donor impurity. The results
of the present work by using diagonalization method (solid lines) are the same than those previously obtained in Ref. [22]
(black circle symbols). This fact demonstrates the effectiveness of the method used here.
To understand the on-axis Do energy structure in a QS with variable height, it is pertinent to plot the result calculations of
effective azimuthal potential barrier given by Eq. (8) as a function of the charge carrier angular position. For a comparative
analysis only two effective potential profiles are enough to achieve our purposes. The cases considered were n ¼ 1 (one hill
located at f ¼ 0, see Fig. 1, left picture) and n ¼ 2 (two hills symmetrically located at the angular positions f ¼ 0 and f ¼ p,
see Fig. 1, right picture) with d ¼ 0:1 . The corresponding curves plotted without magnetic field are shown in Fig. 3 (a) and (b),
respectively for R ¼ 1 a*0 and h0 ¼ 0:2 a
*
0. In Fig. 3 (a), five electric field strengths were considered: h ¼ 0;±20;±40 while in
Fig. 3 (b) only four positive values: h ¼ 0;10;20, and 30were considered, since the existence of two symmetric peaks yield the
same results for the corresponding negative values of h. The þ and e signs distinguish the electric field orientation along the
positive and negative X-axis directions, respectively.
We can observe that each geometrical hill (valley) of the QS results in the formation of quantum well (quantum barrier
potential). In this regard when n ¼ 1 the center of the quantum well is located at f ¼ 0 and the barrier potential at f ¼ ± p,
while for n ¼ 2 the deeper point of quantumwells are respectively located at f ¼ 0 and p and the maxima heights of barrier
potentials are located at ±p=2. In Fig. 3 (a) is interesting to note that an increasing in the electric field strength oriented inþX
direction results in the effective reduction of both the depth of the quantumwell and the height of the barrier potential and
Fig. 3. Effective potential Veff ðfÞ as a function of the azimuthal angular variable f for a fixed number of hills, n ¼ 1 (a) and n ¼ 2 (b) for d ¼ 0:1 and different
values of electric field strength.
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increasement the overflow probability of the electron wave function outside the effective potential well, which could facil-
itate the observation of AB effect and hence, an increasement of electric current contribution. However, an inversion in the
electric field orientation leads to deepen the bottom of effective azimuthal potential well in comparisonwith the curve in the
absence of electric field. In this case, the D0 energy levels tend to be deeper and therefore, the electron becomes more
localized into the geometrical quantumwell. In consequence, a quenching in the AB pattern oscillations and an decrement in
the electronic current is theoretically expected.
For the case corresponding to two hills (Fig. 3(b)), the situation is slightly different in comparison with the situation
discussed above. In this case, the effective potential present two quantum wells symmetrically centered at the angular po-
sitions f ¼ 0 and f ¼ p, which coincide to the position of the hills in QS height contour. In the absence of electric field, the
bottom of both quantumwells are at the same levelz245 R*y and the probability to find the electron is the same into each of
these quantum wells. Nevertheless, the greater is the electric field strength in þX-direction, the higher is the bottom of the
quantumwell located at f ¼ 0 (in comparison with zero electric field case) and deeper is the other quantum well located at
f ¼ p. For instance, for h ¼ 30, the bottom of the quantum wells at f ¼ 0 and f ¼ p are approximately equal to 250 R*y and
239 R*y, respectively. In consequence, the electric field breaks the symmetry and modifies the electronic density probability
because under the presence of an electric field is more probable to find the electron into the quantumwell located at f ¼ p. In
short, the electric field tends to push the electron wave function toward the quantum well located at f ¼ p.
Fig. 4. On-axis donor energy structure in a quantum strip with only one hill (n ¼ 1) and for d ¼ 0:1 as a function of the homogeneous magnetic field for different
values of electric field strength: h ¼ 0 (a), h ¼ 20 (b), h ¼ 40 (c), h ¼ 20 (d), and h ¼ 40 (e).
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angular positions f ¼ ±p=ð2nÞ
Pn
k¼1ð2k 1Þ which can be understood by observing Eq. (8) since the contribution to the
effective potential made by the electric field disappears in f ¼ p=2. Also, for f values above p=2 the contribution of VgeomðfÞ
rapidly grows surpassing the contributions of static electric field and electronedonor Coulomb interaction.
The influence of themagnetic field on on-axis D0 low-lying energies in non-uniform QS are presented respectively in Fig. 4
(n¼ 1) and Fig. 5 (n¼ 2). The calculation results displayed in Fig. 4(a)e(e) for h0 ¼ 0:2 a*0 and R ¼ 1 a*0 have been obtained for
five different values of the electric field strength: h ¼ 0;±20;±40; respectively. In each one of these curves, it is possible to
establish that the D0 energy spectrum is formed by two different types of energy states. The first type is compound by non-
sensitive states against changes of magnetic field strength which are characterized by horizontal lines. An electron in these
states tends to be localized into the quantum well and therefore, the electron can not rotate around the Z-axis under the
presence of a magnetic field. Instead, the electron is forced to move into the quantumwell between two turning points, and
for this reason in this case, the D0 states are purely vibrational. Under these conditions, loop of electric current can not be
generated. Similar localized states were also obtained for an in-plane X-Y quantum ring with non-uniform thickness [11,23],
but in the present work the localized states arise as a result of the existence of the non-uniformity in the QS height. The
second type of energy states correspond to those outside of the effective azimuthal potential barrier [24,25] and they display
an AB-like behavior, reason by which these states are called extended or delocalized states.
In the absence of electric field (Fig. 4(a)), we can observe first four well-defined low-lying vibrational states whose ground
state energy value can be easily obtained because this one must be of the same order of magnitude as the geometrical po-
tential, that is: Vgeomðf ¼ 0Þ ¼ ðp=h0Þ2y61:6 R*y. This value tends to be modified as the electric field is on, because it changes
the shape of the effective azimuthal potential which results in a substantial change in the D0 energy structure. Thus, when the
dimensionless electric field strength is increased and oriented along the positive X-axis, the electronic cloud begins to be
pushed out the geometrical quantumwell making the number of vibrational or localized states decreases. For instance, when
h ¼ 20 (Fig. 4(b)) only three localized states are observed but this value is reduced to only one when h ¼ 40 (Fig. 4(c)). In
consequence, the existence of electric field oriented along X-direction promotes the generation of a loop electric current and
therefore the apparition of AB effect. Nevertheless, an electric field oriented in opposite direction (-X-axis) yields the opposite
effect. In this case the electronic cloud is pushed into the geometrical quantum well under the influence of the electric field
given place a variation in the ground state energy value and the formation of a greater number of localized states. For instance,
in Fig. 4(d) (h ¼ 20) is possible to observe five localized states while in Fig. 4(e) (h ¼ 40) there are six localized states. In
consequence, the existence of an electric field oriented along -X-direction promotes the electron quantum confinement and
Fig. 5. On-axis donor energy structure in a quantum strip with two hills (n ¼ 2) and for d ¼ 0:1 as a function of the threading magnetic field for different values
of electric field strength: h ¼ 0 (a), h ¼ 10 (b), h ¼ 20, and (c).
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possible to develop a quantum electronic interrupter by considering an electron constrained to move into QS with only one
structural deformationwhen the D0 system is under the presence of threadingmagnetic field and an alternating electric field,
since it can stimulates the transition from localized to delocalized states and vice versa.
In order to evaluate the effect of the hills number in the QS height contour on the on-axis-D0 energy structure, we believe
that two hills are enough to contrast the results with those previously described for only one hill. The results of calculations
for two-hills as a function of dimensionless magnetic field strength for three different values of electric field oriented
alongþ X direction h ¼ 0;þ10;þ20 are displayed in Fig. 5(a)e(c), respectively. In Fig. 5(a), the number of hills (n¼ 2) present
in QS height profile determines the existence of quasi doubly degenerated states for low-lying vibrational states. This
assertion becomes evident by observing the transition from vibrational to rotational states, which takes place between
290 R*y (energy corresponding to the upper doubly degenerated vibrational states) and 300 R
*
y (energy corresponding to the
two lower rotational states) where is possible to see a small split between two states which look like as a “two-wire braid”:
The existence of doubly degenerated states below 300 R*y is really impossible to observe because the two energy states are
almost merged. This assertion can be proved by applying an electric field. For this reason, we have plotted Fig. 5(b) (h ¼ þ10)
and 5(c) (h ¼ þ20Þ because the electric field modifies the symmetry of azimuthal effective potential, such as was demon-
strated in Fig. 3 (b), since the quantum well at f ¼ p is deeper than one located at f ¼ 0. The difference in the depths of the
two quantum potential wells due to the existence of electric field allows to break the degeneration between vibrational states
since the energy levels in each quantumwell are slightly separated. For instance, the separation between rotational states for
h ¼ 10 is approximately equal to 2;8 R*y, but this difference becomes larger by increasing electric field up to h ¼ 20 (see
Fig. 5(c)) where the vibrational states are separated by 7:5 R*y approximately.
In Figs. 6 and 7 we display the static electric field effect on the D0 low-lying states in QS with two hills (n ¼ 2) by
considering different values of both the donor position (Ri ¼ 0; 1:0 a*0; 1:75 a*0; 1:9 a*0Þ (Fig. 6 with QS radius R ¼ 2 a*0) and
QS radii (R ¼ 2:0 a*0;4:0 a*0;5 a*0Þ (Fig. 7 with donor position located at the origin). In both sets of figures we observe the
well-known anti-crossing behavior among different orthogonal states being this fact a direct consequence of an applied
electric field which breaks the energy state degeneracies. Anti-crossing of energy levels is a typical property of semiconductor
heterostructures consisting of several quantumwells separated from each other by thin quantum barrier potentials where the
anti-crossing points define the highest probability conditions of quantum tunneling [16e20]. The existence of quantum
barriers and quantum wells in heterostructures is inextricably bound to existence of different energy band gaps at hetero-
interfaces which yield an electron effective mass discontinuity. However, in the present work is necessary to point out
that the QS is made of single material, therefore the electron effective mass is the same in all places of the QS. In the present
work, the quantum wells and quantum potential barriers arise from the geometrical nature of QS which is linked to non-
uniformity QS height contour. By comparing Fig. 6(a) and (b) no substantial change in the anti-crossing level patterns is
observed as the impurity is near the QS center (Ri < 1.0 a*0), but these patterns undergo a strong variation (see Fig. 6(b)e(d))
when the impurity is closer to the QS cylindrical surface (1:75 a*0 <Ri <2:0 a
*
0Þ. Since the nature of the electron-donor
Coulomb interaction is both attractive and an inverse square law, the closer is the donor to the QS surface the greater is
the symmetry breaking of the system. This fact leads to a right shifting of the anti-crossing points and a decreasement in the
energy level values.
Fig. 6. Off-axis donor energy structure in a quantum strip with two hills (n ¼ 2) and for d ¼ 0:1 as a function of the electric field strength for four different values
of the donor position Ri ¼ 0 (a), Ri ¼ 1:0 a*0 (b), Ri ¼ 1:75 a*0 (c), and Ri ¼ 1:9 a*0 (d).
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axis. It is due to the positioning of the donor at the QS center preserves the anti-crossing symmetry structure (see Fig. 6
leftmost panel for Ri ¼ 0 ). On the other hand, the increase in the QS size brings with it multiple implications. In the firstFig. 7. On-axis donor energy structure in a quantum strip with two hills (n ¼ 2) and for d ¼ 0:1 as a function of the electric field strength for three different
values of the quantum strip radius: donor position R ¼ 2:0 a*0 (a), R ¼ 4 a*0 (b), and R ¼ 5 a*0 (c).
Fig. 8. Off-axis donor ground state in a quantum strip with one hill (n ¼ 1) (a) and two hills (b) for d ¼ 0:1 and R ¼ 2 a*0 as a function of donor for different values
of electric field strengths. In (c) a zoom-in to the minima of Fig. 8 (central panel) was performed in order to facilitate the visualization of the energy inversion due
to the electric field orientation changes.
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the radius QSwhich is attributable to the presence of the hRcosf term in the effective potential. Secondly, the greater is the QS
radius the wider are both the potential barriers and quantum wells, which leads to increasement of the number of energy
levels into the quantum well such as is observed by comparing the panels (a), (b), and (c) of Fig. 7. Furthermore, both the
increasement in the well width and the fact that the electron rotational kinetic energy varies as 1=R2 are responsible for the
decrement of energy level values. Thirdly, the greater is the QS radius the smaller is the d (height of geometrical hill)-to-R
aspect ratio and therefore, the QS becomes more uniform. In consequence, the level splitting does not occur because the
coupling between quantumwells is veryweak and tunneling does not take place, reason bywhich a quenching of energy level
anti-crossing structure can be observed in Fig. 7 (c) for the upper energy levels. It is due to that the electron tends “to spent
more time” around the point 4 ¼ p since the electronic cloud is pushed by the external electric field and the electron energy
levels tend to be more vibrational than rotational.
In Fig. 8 we show the effect of donor position on D0 ground state for the cases n ¼ 1 (Fig. 8-left panel) and n ¼ 2 (Fig. 8-
central panel) for different values of electric field strength by assuming a QS radius equal to 2 a*0. In both figures, it is possible
to observe that the ground state energy undergoes noticeable changes only when the donor is closer to the cylindrical surface
of QS, since the electron-donor Coulomb attraction is greater and it can compitewith the repulsive geometrical potential. This
behavior is valid for all electric field strengths ranging between h¼40 and h¼þ40. Nevertheless, the electric field oriented
alongþ X direction tends to reduce the depth of the minimum energy located at Ri ¼ 2 a*0 both for the case of one hill (Fig. 8-
left panel) and two hills (Fig. 8 central panel). However in the latter case (n¼ 2), it is possible to observe that the electric field
oriented alongþ X direction yields an increasing in the depth of theminimum energy located at Ri ¼ 2 a*0 (see Fig. 8-central
panel). This fact gives place to an inversion of the minima energy respect to the corresponding curve without electric field
applied being this effect easily observed in Fig. 8-right panel where a zoom-in curve at the vicinity of the points Ri ¼ ±2 a*0
was plotted to facilitate the observation. In consequence, the presence of an electric field applied on the QS with two hills
breaks the symmetry observed in its absence (see Fig. 8 central panel for h ¼ 0) yielding a two asymmetrical minima points.
However, and regardless both the electric field strength and the number of hills for QS radius analyzed, it is possible to
observe that the ground state energy changes flatly for donor positions away from QS surface. This fact allows us to un-
derstand the reason bywhich the diamond Stark pattern of level anti-crossing practically does not present any variation for Ri
values less than 1:75 a*0. On the other hand, the electric field oriented alongeX direction increases the depth of theminimum
energy located at Ri ¼ 2 a*0 which can be observed in Fig. 8-left panel since the electron cloud is pushed towards the
rightmost part of the QS alongþ X-axis, increasing substantially the electron-donor interaction. This fact could be also shown
that occur in the case of n ¼ 2.
As a final point, in Fig. 9 we show radius effect on the off-axis D0 ground state in a QSwith one hill for four different electric
field strengths: h ¼ 0;10;20; and 30. The fixed donor is located on the þaxis at the point Ri ¼ þ2 a*0. In general, it is possible
to observe that the greater is the electric field strength the greater is the ground state energy. However, is necessary to point
out that these curves are a result of the strong competition among the terms presented in the effective potential as well as the
electron rotational kinetic energy, which allows us to identify three different behaviors in each curve. When the QS radius is
much smaller than the donor- QS center distance, the kinetic energy ð 1=R2Þ predominates on both, the electric field
contribution and the Coulomb interaction term in the total energy system. But it is precisely the Coulomb interaction term
that imposes itself when QS radius takes values closer to the donor position causing theminimum observed in each one of the
curves due to its tendency to locate the electron inside of the geometrical quantum well. Finally, for QS radius much largerFig. 9. Off-axis donor ground state energy structure in a quantum strip with only one hill (n ¼ 1) for d ¼ 0:1 and Ri ¼ 2 a*0 as a function of donor quantum strip
radius for four values of electric field strength: h ¼ 0;10;20; and 30.
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comparison with the electric field contribution which varies linearly with QS radius being the slope proportional to the
electric field strength, and for this reason the curve for h ¼ 0 is almost horizontal.
4. Conclusions
We have perform an exhaustive electronic structure research on off-axis D0 in a quantum strip with non-uniform height
contour under the presence of uniform crossed electric and magnetic fields. By considering adiabatic approximation, diag-
onalization method and modeling a quantum strip height by means of a two-parametric function, we have studied the effect
of one and two coupled hills on the D0 energy structure. It was found that an appropriate electric field applied on one-hill
quantum strip can tune the Aharanov-Bohm oscillations allowing or destroying a loop of electric current generation which
could be used to develop an electronic quantum interruptor. On the other hand, an electric field applied on two-hill quantum
strip breaks the level degeneration between same material coupled azimuthal geometrical quantum wells separated by
potential barriers. This last fact leads to thewell-known anti-crossing level pattern, where the tunneling conditions and Stark-
like diamond patterns are strongly dependent on the electric field strength, the donor position, quantum strip radius, and the
quantum strip height contour. The great variety of possibilities demonstrated in the present work to exert control on the D0
energy structure in non-uniform quantum strips, are currently being oriented towards optical property calculations.
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The combined effects of hydrostatic pressure, temperature, and
aluminum concentration on the binding and total energies of two
coupled donors Dþ2 are analyzed using a variational procedure.
The effects of changing the nucleus–nucleus relative positions and
the quantum well size on the Dþ2 complex binding energy were
also analyzed. The results show that an increase in the temperature
yields a decrease of the Dþ2 binding energy while an increase in
the aluminum concentration or hydrostatic pressure, enhance
the Dþ2 binding energy favoring the stability of D
þ
2 molecular
complex under strong quantum confinement conditions.
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1 Introduction In the last two decades, low dimen-
sional semiconductor nanostructures with dimensions
comparable to De Broglie wavelength of carriers confined
inside of them have become subject of extensive experi-
mental and theoretical researches. It is due to the electronic
and optical properties of these nanostructures can be
substantially modified by changing their geometrical
parameters as well as the number and type of charge
carriers. In this regard, is well known that the doping with
acceptor or donor impurities of semiconductor nano-
structures largely affects the electro-optical and kinetic
properties of the charge carriers. Particularly, the presence of
hydrogenic-like impurity centers can increase the conduc-
tivity in several orders of magnitude, a fact in which the
application of an external magnetic field has an important
influence. The measurement of low-temperature photo-
luminescence spectra in InAs nanostructures under hydro-
static pressure [1, 2] has motivated several theoretical
studies about the hydrostatic pressure effects on the neutral
donor energy spectrum features confined in reduced
dimension spaces [3–7]. This is because the application
of hydrostatic pressure leads to modifications of the bulk
carrier energy structure, allowing the understanding of
some low-dimensional systems optical properties. Theoreti-
cal calculations about the effect of the hydrostatic pressure
on the binding energy of neutral donors in quantum wells
(QWs) have shown that hydrostatic pressure tends to modify
the hydrogenic impurity spectra [3–6]. Studies about the
influence of combined effects such as hydrostatic pressure–
temperature [8, 9] and hydrostatic pressure–electric or
magnetic fields [3] on the optical properties [7] and energy
structure [3, 4, 8] of neutral donors confined in a single or
double QWs have been performed. The above-mentioned
reports are related with only one donor under external
probes. Despite neutral donor impurities have attracted
much attention, nowadays, the singly ionized double donor
system Dþ2 (two fixed nuclei sharing an electron) in a thin
semiconductor host has become an interesting case of study,
due to the possibility to build novel high-tech opto-electronic
devices intended for quantum computing [10]. According
to the information provided in several theoretical works
[11–14], by appropriated manipulation of the Dþ2 molecular
properties such as the energy level separation and spatial
electronic distribution in the system, it is possible to encode
logical information either on the spin or on the charge
degrees of freedom of the electron. Stirred by this fact,
as well as by the experimental reports about hydrostatic
pressure effects on semiconductor nanostructures, in this
work we have analyzed some physical properties of Dþ2 in a
two-dimensional space. The ideal system to analyze the role
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played by two coupled impurities on the molecular
properties when the Dþ2 complex is confined in a two-
dimensional space is GaAs/Ga1xAlxAs quantum well
system with finite barrier potential. This problem becomes
really important when the Dþ2 molecular complex is under
critical confinement conditions, because the wave-function
overflow could generate novel effects related to sharply
changes in the electronic states symmetry of the Dþ2
molecule. In the present work, we have focused on the
influence played by the geometrical parameters, aluminum
concentration, temperature, and hydrostatic pressure on
both, Dþ2 total and binding energies. The calculations results
were performed by using a variational method with multi-
parameter Gaussian-type trial wave function.
2 Theoretical model In the framework of the
effective mass approximation, we choose the z-axis of our
coordinate system in the nanostructure growth direction.
The two shallow donor impurities are centered into the GaAs
QW at the points (0,0,0) and (R,0,0) as shown in Fig. 1.
The Dþ2 complex Hamiltonian dependent on the
hydrostatic pressure, aluminum concentration, and tempera-
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The effective mass mðr;P; x; TÞ and the electron
confinement potential V rð Þ represent the discontinuities in
the limits of the QW. However, in our calculations, we have
assumed the same dielectric constant in GaAs–Ga1xAlxAs,
since Green and Bajaj [16] have shown that the calculations
with and without taking into account the contributions
arising from the dielectric function mismatch between the
QW and surrounding medium give very closed results. By
using cylindrical coordinates ðr1;w; zÞ and according to the
model presented in Fig. 1, the impurity-electron distances
can be expressed in terms of nucleus–nucleus relative vector
position R ¼ ðR; 0; 0Þ as follows:















The hydrostatic pressure, aluminum concentration, and
temperature dependent effective mass for the electron is
given by [5, 17]:
mðP; x; TÞ¼ m0
(




EGg ðP; x; TÞ
þ 1




where m0 is the free electron mass, P(x) P2 xð Þ ¼

28 900 6290x is the inter-band matrix element and
D0ðxÞ ¼ 341 66x is the valence-band spin–orbit split-
ting. The remote-band effects are taken into account via the
dðxÞ ¼ 3:965þ 0:488xþ 4:938x2. The energy gap at
the i-point (i¼G, X) of the conduction band is equal to
EigðP; x; TÞ ¼ ai þ bixþ cix2 þ aiP biT2ðg i þ TÞ
1;
ð4Þ
where the values of parameters ai; bi; ci;ai;bi and g i
were taken from Ref. [5]. The hydrostatic pressure and
temperature dependent static dielectric constant for T
< 200K can be expressed as:
eðP; TÞ ¼ 12:74e1:73103Pe9:4105ðT75:6Þ
n o
: ð5Þ
The charge image effects were omitted in our numerical
calculations. The QW confinement potential is given by
VðxÞ ¼









being L the QW width. The QW width dependence on the
hydrostatic pressure and the barrier height V0(x) were
obtained from Refs. [3, 5]:
LðPÞ ¼ Lð0Þ 1 2ðS11 þ 2S12ÞP½ ; ð7aÞ
V0ðxÞ ¼ QcEGg ðxÞ; ð7bÞ
Figure 1 Schematic 3D diagram of the coupled donors confined
in a GaAs–Ga1xAlxAs quantum well of width L.
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being L(0) the QW width without applied pressure, while
S11 ¼ 1:16 103 kbar1 and S12 ¼ 3:7 104 kbar1
are the GaAs compliance constants. In addition, Qcð¼ 0:6Þ
is the conduction band offset parameter and
DEGg ðxÞ ¼ ð1:155xþ 037x2ÞmeV which was obtained from
Eq. (4) by fixing the overall P and T.
In order to obtain the Dþ2 ground state, we propose the
following multi-parameter trial wave function:










; j ¼ 1; 2;
ð8Þ
where hl; ll, and Dl are 3l1 variational parameters being
l the number of Gaussians required in the calculations.
The trial function (8) is more flexible than Slater orbital
because the ll=hl aspect ratio allows us to include naturally
the dimensional changes of the electron wave function. For
instance, if ll=hl is equal to one, the electron wave function
present a three dimensional spherical symmetry, ll=hl
equal to zero corresponds to two-dimensional space while
if ll=hl > 1 defines an ellipsoidal symmetry. The function
fk(z) is given by:
f k zð Þ ¼
cos kzð Þ; zj j  L
2
;














and mB are the electron effective masses in well and
barrier, respectively. The quantity A is determined by the
matching conditions at the interface. The variational energy
EVðhl; ll;DlÞ is obtained by minimizing the expectation
value of the Hamiltonian in Eq. (1),
Cðr1; w; zÞjHjCðr1;w; zÞh i= Cðr1;w; zÞjCðr1;w; zÞh i:
The ground state binding energy of the coupled donors
system is calculated as:
Eb P; x; Tð Þ ¼ Ez P; x; Tð Þ minEVðhl; ll;DlÞ; ð10Þ
where Ez P; x; Tð Þ is the ground state energy of an electron in
QW without considering the attractive interaction between
fixed nuclei and electron.
3 Results and discussion Figures 2–4 show the
variation of Dþ2 ground state binding energy as a function of
the GaAs well width. In Fig. 2, the temperature effect on
the Ebð0; 0:3; TÞ is also considered for three different
nucleus–nucleus separation R¼ 50, 200 and 350 Å. Each of
the Ebð0; 0:3; TÞ curves present a peak approximately at the
same critical value L¼Lc 25 Å. Starting from large values
QW width (L¼ 350 Å), it is possible to observe that the
Ebð0; 0:3; TÞ grows up to reach a maximum value at L¼Lc,
however, this behavior is inverted for L< Lc values
corresponding to very narrow QW widths. This fact is
linked to electron wave function overflow effect toward the
barrier region where the Dþ2 binding energy restores its
three dimensional behavior. We can observe that the Dþ2
binding energy for L< Lc, x¼ 0.3, T¼ 4K, and R¼ 350 Å
monotonically tends to the correct value of 7.81meV, which
corresponds to the binding energy for a single ionized Hþ2
hydrogen molecule. For fixed QW widths, an increase of
the nucleus–nucleus separation or the temperature produces
similar effects, because the greater is R or T the smaller is
the Dþ2 binding energy. This is due to the weakening of the
electrostatic coupling between the electron and the fixed
nuclei. On the one hand, as the nucleus–nucleus separation is
increased, the electron–nuclei average separation is also
increased. On the other hand, as the temperature is increased,
the first sub-band and the dielectric constant increases,
while electron effective mass diminishes regardless the QW
width.
From Fig. 2, it is also possible to observe the Dþ2 binding
energy variations owing to the nucleus–nucleus separation.
These changes become really noticeable in comparison with
those observed due to temperature variations. For instance,
when R is changed between 50 and 350 Å the Dþ2 binding
energy decreases for about 55%, while temperature changes
between 4 and 200K makes that Dþ2 binding energy
decreases down to 7%. However, from an experimental point
of view, the temperature changes could be more interesting
since they can be carried out into the laboratory in real time.
Figure 3 shows the hydrostatic pressure effect on the
Dþ2 ground state binding energy Eb(P, 0.3, 4K) for three
different nucleus–nucleus separation R¼ 50, 200, and 350 Å
and three different values of hydrostatic pressure applied
P¼ 0, 15, and 30 kbar. We can observe that the effect of a
nonzero applied hydrostatic pressure is to increase the Dþ2
ground state binding energy. This result is a consequence of
cooperative effects mainly bounded to the electron effective
Figure 2 Evolution of Dþ2 ground state binding energy with QW
width for three different nucleus–nucleus separations R¼ 50, 200,
and 350 Å and three temperatures T¼ 4, 100, and 200K.
680 M. R. Fulla et al.: Ground state of coupled donors in GaAs–Ga1xAlxAs QW





a ssp status solid
i b
mass and dielectric constant variations with the hydrostatic
pressure and, to a lesser degree, with the reduction in the
overall size of the system by changing the hydrostatic
pressure. Besides, an increase of hydrostatic pressure yields
an increase of the electron effective mass and the falling of
the dielectric constant. These results suggest the strengthen-
ing of the electrostatic coupling, and therefore the increase in
the Dþ2 ground state binding energy. It is also possible to
observe that an increase of the hydrostatic pressure from zero
up to 30 kbar yields a Dþ2 ground state binding energy
variation of about 19%. Additionally, it can be noticed that
the curves at P¼ 0, 15, and 30 kbar are almost equi-spaced,
which is an indicator that the hydrostatic pressure applied on
the system produces a quasi-linear increment in the Dþ2
ground state binding energy.
Figure 4 shows the effects of the aluminum concentra-
tion on the Dþ2 ground state binding energy Eb(0, x, 4 K).
Two different nucleus–nucleus separations R¼ 50 and
200 Å and four different values of aluminum concentration
x¼ 0.44, 0.3, 0.1, and 0.001 have been considered.
From these curves are possible to observe that the
Dþ2 ground state binding energy Eb(0, x, 4K) increases
monotonically as the aluminum concentration is increased.
According to Eqs. (6) and (7), this is due to an increment of
the confinement potential height along the nanostructure
growth direction. Despite the electron effective mass in the
barrier grows when the aluminum concentration is increased,
which tends to enhance the Dþ2 ground state binding energy,
it is important to highlight that the influence of aluminum
concentration variation on the confining potential height
dominates over the electron mass effective variations.
On the other hand, at the limit case where the aluminum
concentration is very small; the Dþ2 ground state binding
energy is approximately constant, which is due to the very
small differences between the physical properties of well and
barrier materials.
Finally, in Fig. 5, we have plotted the Dþ2 total energy as
a function of the nucleus–nucleus distance R for different
values of temperature (upper panel), pressure (center panel),
and aluminum concentration (lower panel) for a fixed value
of the QW width, L¼ 35 Å. In general, all curves display a
Figure 3 Variation of Dþ2 ground state binding energy with QW
width for three different nucleus–nucleus separations R¼ 50, 200,
and 350 Å and three different values of the hydrostatic pressure
applied P¼ 0, 15, and 30 kbar.
Figure 4 Dþ2 ground state binding energy as a function of the QW
width for two different nucleus–nucleus separations R¼ 50 and
200 Å and four different values of the aluminum concentration
x¼ 0.44, 0.3, 0.1, and 0.001.
Figure 5 Dþ2 ground state total energy as a function of the
nucleus–nucleus separation for different values of temperature
(upper panel), hydrostatic pressure (center panel), and aluminum
concentration (lower panel). A fixed quantum well width equal to
35 Å was considered.
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minimum lying at the equilibrium position. This minimum is
named dissociation energy, and it is related to the formation
of a stable molecule, i.e., the deeper of this energy minimum
the greater is the Dþ2 molecular complex stability. In
consequence, it is possible to expect that the hydrostatic
pressure, temperature, and aluminum concentration yield to
great variety of effects on the Dþ2 complex stability under
strong confinement conditions. On the one hand, an increase
in the hydrostatic pressure and the aluminum concentration
yield Dþ2 molecular complexes more stable while an increase
in the temperature undermine against the Dþ2 stability. For
instance, the hydrostatic pressure P¼ 30 kbar in comparison
with P¼ 0 reinforces Dþ2 complex stability against the
possible thermal dissociation because this variation yields an
“energy well” deeper near to 23%. In the same sense, an
increase in the aluminum concentration yields more stable
Dþ2 molecular complexes because the bottom of the “energy
well” for x¼ 0.001 is shifted down about 60% in comparison
with x¼ 0.44 while a temperature variation between 4 and
200K weakens Dþ2 complex stability because the bottom of
the “energy well” is shifted up about 6%. On the other hand,
an increase in the hydrostatic pressure shift to the left the
equilibrium length but this quantity does not undergoes an
appreciable variation when the temperature is varied.
However, the energy minimum is shifted to the right as
the aluminum concentration is decreased. For example,
when x¼ 0.44 the equilibrium length and dissociation
energy are approximately equal to 75 Å and 18meV
(3.19Ry), while x¼ 0.0001 yields an equilibrium length
and dissociation energy approximately equal to 199 Å and
6meV ð1:05RyÞ, respectively. These values are in good
agreement with experimental and theoretical results (200 Å
and 1:195Ry) for H
þ
2 case [18].
4 Conclusions In this work, the effects of hydrostatic
pressure, aluminum concentration, temperature, and geo-
metrical parameters on both Dþ2 binding and total energies in
a GaAs–Ga1xAlxAs quantum well were calculated using a
variational procedure. The results show that a reduction of
the nucleus–nucleus separation enhances the Dþ2 binding
energy for all range of temperature, hydrostatic pressure and
aluminum concentration. On the other hand, an increase in
the temperature produces a diminishing of the Dþ2 binding
energy, while an increment of the aluminum concentration
and the applied hydrostatic pressure for fixed values of the
temperature enhances the coupled donors binding energy.
The theoretical results obtained in the limit case correspond-
ing to Dþ2 complex under strong confiment (L< 35 Å) are
in good agreement with the binding energy for a three
dimensional molecule Hþ2 . This fact can be considered as an
indirect proof that the multi-parameter Gaussian-type trial
wave function is able to self-adjust naturally in order to
consider the dimensionality changes of the electron wave
function from a three-dimensional to a two-dimensional
space.
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Ellipsoidal and elliptical quantum dots
We analyze the spectrum of two-electron quantum dot with anisotropic parabolic confinement by 
using the fractional-dimension formulation which allows us to reduce the two-particle problem to two 
equations for independent particles in an effective space with variable dimension, ranging between two 
and three for ellipsoidal-shaped quantum dots and between one and two for elliptical-shaped quantum 
disks. The dependencies of energy levels on the heterostructure sizes for quantum dots, disks and wires 
are presented.
© 2015 Elsevier B.V. All rights reserved.1. Introduction
The quick development of semiconductor growth technology 
has allowed to manufacture quantum dots (QDs) whose shapes and 
sizes are strongly dependent on the growth dynamics [1–5]. The 
structural measurements on QDs suggest that they have commonly 
shape of disk, lens, cone, ring, or volcano layer characterized by a 
small height-to-base-radius aspect ratio [5]. These nanometer sized 
islands have triggered a great interest from both experimental 
and theoretical points of view [6] since fascinating opto-electronic 
properties can be obtained as a consequence of the strong spatial 
confinement of carriers inside the QDs whose potential profiles are 
dependent on the QDs morphology. These nanostructures are also 
a matter of particular interest due to the number of electrons in-
side them can be controlled experimentally, a reason by which the 
QDs are considered as ideal nano-laboratories to study the few-
particle physical properties in spaces of reduced dimension. In this 
regard, two-electron system [7–20] becomes the simplest arrange-
ment of few-particle systems which can be used as a starting point 
to evaluate the quality of several approximated methods employed 
to analyze the role played by the electronic correlation effects on 
the energy structure of more complicated systems composed of a 
larger number of carriers. The two-electron problem has been of 
interest almost since the advent of quantum mechanics and has 
* Corresponding author. Tel.: +57 4 4309327.
E-mail address: jhmarin@unal.edu.co (J.H. Marín).http://dx.doi.org/10.1016/j.physleta.2015.02.043
0375-9601/© 2015 Elsevier B.V. All rights reserved.been most completely treated for atoms and ions, such as H−, 
He, Li+, etc., where the two electrons are kept by Coulomb con-
fining potential. In recent years, the interest on this problem has 
arisen again in connection with the studying of the behavior of 
two electrons under strong confinement conditions in QDs, since 
the triplet to singlet relaxation time ranging between order of 1 μs 
and 1 ms [21] favors the development of potential applications in 
quantum computing [8] and spintronics [22]. The QDs profile con-
finement potential can be not determined with accuracy desired 
except in only few cases [23]. Thence the QDs confinement poten-
tials considered in several studies have mainly been restricted to 
hard wall potential, finite rectangular potential or harmonic oscilla-
tor potential [23–27]. The exactly solvable two-electron QD model 
with isotropic parabolic confinement potential has attracted the 
most interest in theoretical investigations [24–26]. These exact so-
lutions allow us to analyze and conclude that the electron–electron 
interaction plays a crucial role in low-dimensional systems. How-
ever, in agreement with the QD fabrication, the confinement length 
scales in the free-spatial directions may be quite different, yield-
ing quasi-one, two or three-dimensional QDs with a non-isotropic 
confinement potential. In consequence, it is necessary to imple-
ment a reliable model with sufficient precision that considers the 
possible dimensional changes of the QDs during its formation. In 
this regard, it is interesting to apply the fractional-dimension for-
mulation (FDF) [28,29] in order to extend the exact results for 
isotropic parabolic confinement QDs to anisotropic QDs case. In 
the present work, we shall use FDF to obtain an expression for the 
energy spectrum of two electrons confined inside a non-isotropic 
1458 R. Correa et al. / Physics Letters A 379 (2015) 1457–1463parabolic QD in the real three-dimensional space by reducing 
this problem to similar one for two electrons inside an isotropic 
parabolic QD but in an effective fractional-dimension space. It 
is necessary to emphasize that the modeling of a two-electron 
system confined in a QD by considering spatial dimensionality 
changes could be a demanding process since the electron–electron 
interaction effect is influenced by the confinement potential, ex-
ternal fields and space dimensionality. However, we will show that 
the FDF simplifies the calculations and computational efforts in 
comparison with other methods.
2. Brief summary of model
The one-parameter Hooke atomic potential of the form V =
m∗ω20r2/2 is commonly used to describe the confinement of elec-
trons with effective mass m∗ and constrained to move into an 
isotropic quantum dot [23,24]. Due to its simplicity, the harmonic 
two-electron QD has been used as an exemplary model for the 
study of the entanglement of two electrons [30] or the origin of 
Hund’s rule [31]. A natural extension of the harmonic QD model is 
the case of an anisotropic QD for which the confinement potential 
can be written as
V = m∗ω20x2/2 + m∗ω2y y2/2 + m∗ω2z z2/2; ωz ≥ ωy ≥ ω0 (1)
This three-parameter potential is versatile enough to reproduce 
several important configurations in limit cases. For instance, ωz →
∞ and ωy → ω0 corresponds to the widely studied model of cir-
cular quantum disk and ωz → ∞, ωy → ∞ describes the confine-
ment in one-dimensional quantum wire. Intermediate cases of this 
potential may be applied in order to examine the spectral features 
of two-electron system confined into the elliptical-shaped QDs.
In the framework of effective mass approximation the dimen-




















We have used the effective Rydberg energy R∗y = h̄2/2m∗a∗ 20 and 
the effective Bohr radius a∗0= h̄2ε/me2 as the energy and length 
units, respectively. Additionally, we use notations for dimension-
less confinement parameters γ = h̄ω0/R∗y ; α =
√




In Eq. (2) r1, r2 denote the electrons position vectors. By us-
ing Kohn’s theorem [32], the two-particle Hamiltonian (2) may be 
separated by using the center-of-mass, R = (r1 +r2)/2 = (X, Y , Z), 
and relative, r = r1 −r2 = (x, y, z) coordinates:
H = H R + 2Hr (3a)
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The total two-electron wave function factorizes in two functions, 
describing the center of mass motion Φ(R) and the relative mo-
tion ϕ(r). As three-dimensional Hamiltonians H R and Hr are 
anisotropic, they cannot be separated as the particular case α =
β = 0 when they correspond to two independent central force 
problems. However, by considering the last two terms in Eqs. (3b)
and (3c) as bilateral additional confinement, one could take ad-
vantage of the FDF [28,29], because this method allows us to con-
sider a real anisotropic environment as if it were isotropic with 
non-integer dimension which diminishes gradually as the distance Table 1
Two-electron energy levels. The level sequences are in order of increasing magni-
tude. For the sake of convenience, the short notation, i.e., a, b, c, etc., is used to 
indicate the quantum numbers (nr , lr , NR , LR ).
Energy states 
E(nr , lr , Nr , Lr)
Short notation Energy states 
E(nr , lr , Nr , Lr)
E(0,0,0,0) a i E(0,2,0,1)
E(0,1,0,0) b j E(1,1,0,0)
E(0,0,0,1) c k E(0,1,1,0)
E(0,2,0,0) d l E(1,0,0,1)
E(0,1,0,1) e m E(0,0,1,1)
E(1,0,0,0) f n E(0,4,0,0)
E(0,0,1,0) g o E(1,2,0,0)
E(0,3,0,0) h p E(0,2,1,0)
from the origin of coordinates grows. Following the procedure de-
scribed in [28] one can demonstrate that eigenvalues of the three-
dimensional Hamiltonian (3) coincide with those of the renormal-
ized radial parts of Hamiltonians in an effective space with frac-
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ΛR = LR + [D(R) − 3]
2
; Λr = lr + [D(r) − 3]
2
(4c)
D(r) = 3 − αr
(γ −1/2 + αr) −
βr
(γ −1/2 + βr) (4d)
The total energy depends on the radial and orbital quantum num-
bers of center of mass (NR , LR) and relative (nr, lr) motions, re-
spectively:
E(nr, lr, NR , LR) = E R(NR , LR) + 2Er(nr, lr) (5)
The first term on the right-hand side of (5) corresponds to the 
center-of-mass motion eigenvalues from Hamiltonian H DR labeled 
by the radial (NR = 0, 1, 2, . . .) and orbital (LR = 0, ±1, ±2, . . .) 
quantum numbers. The second term Er(nr, lr) corresponds to the 
eigenvalues of relative Hamiltonian H Dr . Both sets of eigenenergies, 
E R(NR , LR) and Er(nr, lr) must be obtained numerically. In the 
present work we obtain them by using the trigonometric sweep 
method [33].
3. Results and discussion
Before to carry out any discussion about the results obtained 
by using FDF, it is pertinent to indicate that the two-electron 
anisotropic QD energy levels have been labeled as E(nr , lr, NR , LR). 
Even and odd lr values correspond to the spin singlet (s = +) and 
triplet (s = −) states, respectively according to the Pauli’s exclusion 
principle. In Table 1 we have defined a short notation for the dif-
ferent E(nr, lr, NR , LR) two-electron states calculated in the present 
work.
In our calculations we have analyzed the total energy E(nr , lr,
NR , LR) normalized by γ as a function of the oscillator length 
γ −1/2, which may be interpreted as the size of the electron con-
finement region in QD. This fact allows us to avoid any singularity 
effects related to small QDs and at the same time we may com-
pare the results obtained by using FDF in limit cases with those 
previously reported [26–28,33]. In order to establish the quality of 
results via FDF, we show respectively in Figs. 1 and 2, the evolu-
tion of E(nr, lr, NR , LR) with γ −1/2 ranging between 0 and 4 as the 
two electrons are confined into a spherical QD and a flat circular 
quantum disk, respectively.
R. Correa et al. / Physics Letters A 379 (2015) 1457–1463 1459Fig. 1. First seven energy levels as a function of γ −1/2 for two electrons in an 
isotropic quantum dot (3D spherical quantum dot). Solid lines correspond to the 
results obtained by using FDF and triangle symbols correspond to the results re-
ported in Ref. [34].
Fig. 2. First seven energy levels as a function of γ −1/2 for two electrons in a 2D 
quantum disk. Solid lines correspond to the results obtained by using FDF and tri-
angle and circular empty symbols correspond to the results reported in Ref. [34]
and [35], respectively.
The first case corresponds to the three dimensional (3D) 
isotropic spherical QD (α = β = 0). In order to better show the 
quantum-size effects and compare with others authors, we have 
plotted only seven states. The solid line curves correspond to the 
FDF results while the triangle symbols are the screen-captured 
data obtained from Ref. [34]. It is readily seen that both sets of 
results for the seven levels calculated are in excellent agreement. 
It is possible to note the formation of Landau level groups with 
normalized energy exact integer values 3, 4, 5, 6 and 7 for the 
two-electron states in the high confinement limit (γ −1/2 → 0). In 
the case of the isotropic QD (α = β = 0), the two-electron energy 
structure is strongly dependent on the electronic confinement size 
γ −1/2 in the range 1 and 4. The dramatic changes in energy lev-
els are a direct consequence of the quantum confinement which 
modifies the electron–electron Coulomb interaction yielding sev-
eral crossovers among the different levels especially when γ −1/2
is greater or equal than one. The second case analyzed to estab-
lish the FDF quality results was obtained with α = 10 000 and 
β = 0. As α is very large, the confinement in the z-direction be-
comes much stronger than the other two directions and therefore 
the QD may be considered as almost two-dimensional (2D) circu-lar disk. In order to facilitate the comparison between the results 
obtained by using FDF and those from Refs. [34,35], we have plot-
ted once again the first seven low-lying states of two electrons in 
a quantum disk as a function of γ −1/2 (see Fig. 2). In this case, in 
the high confinement limit (γ −1/2 → 0) the energy values tend to 
the exact values corresponding to the Landau levels given by in-
teger values 2, 3, 4, 5 and 6. The solid line curves are the results 
obtained by using FDF, while triangle and circle empty symbols 
are the screen-captured data obtained from Refs. [34] and [35] by 
using numerical methods and exact diagonalization solutions, re-
spectively. We can observe that the three sets of results are in good 
agreement, with FDF results slightly higher than the data reported 
in Refs. [34,35]. However, they are close enough to ensure an ac-
ceptable precision of the results. By comparing the two-electron 
energy levels ordering for 3D and 2D cases, it is possible to ob-
serve the existence of different crossovers among energy levels 
which are more evident for 2D case. This fact is a consequence of 
the strong competition between electron–electron repulsion and 
electrons kinetic energies, as well as, the quantum dot size and its 
morphology. It means that the two-electron energy spectrum and 
related properties are strongly dependent on the dimensionality 
space.
Primary interest on Figs. 1 and 2 is to make evident the differ-
ence between the two-electron energy levels in 3D and 2D spaces, 
but additionally we wish to highlight the excellent agreement be-
tween our results and those ones from Refs. [34,35]. These facts 
can be considered as direct proof of the accuracy and acceptability 
of our numerical procedure, which allows us to analyze different 
aspects related to the grade anisotropy of two-electron QD. In con-
sequence, the FDF unlike other approximated methods, allows us 
to analyze the two-electron energy spectrum behavior in fractional 
dimension space. These facts are possible by varying the parame-
ters α and β systematically.
In Fig. 3 we show the evolution of two-electron energy struc-
ture when the dimensional space is gradually reduced from 3 to 2. 
It is possible to obtain different degrees of the anisotropy by con-
sidering small β values (β = 0) and α = 1, 10, and 1000. The 
corresponding two-electron energy structure curves for the three 
different values of α are displayed in Fig. 3(a), (b), and (c), re-
spectively. From these curves is noticeable that the energy changes 
as the parameter α is modified. In this regard, the greater is the 
parameter α the smaller is the two-electron energy values since 
the QD morphology is changed. For instance, in Fig. 3(a) (α = 1, 
β = 0) where the parameters are comparable, the nanostructure 
corresponds to ellipsoidal-shaped QD while in Fig. 3(c) (α = 1000, 
β = 0) where the parameters are really different, the nanostructure 
is more similar to two-dimensional elliptical quantum dot with 
very small eccentricity. Hence, the two-electron energy eigenvalues 
are very close to those ones of 2D circular quantum disk [34,35]. 
In consequence, the two-electron energies displayed in Fig. 3 may 
be considered as energies corresponding to a structure with a frac-
tional dimension. In order to make more evident this affirmation, 
we present the effects of the variations in the α parameter on the 
ground state (Fig. 4(a)) and the first excited sate (Fig. 4(b)).
We can observe that the energy curves for a(0, 0, 0, 0) and 
b(0, 1, 0, 0) states with α = 1, 10, 100, and 1000 lie within the 
band defined by energy curves corresponding to the 3D spheri-
cal quantum dot (upper curve) and the 2D quantum disk (lower 
curve). Under high confinement conditions (γ −1/2 → 0), the en-
ergies for α = 1, 10, 100, and 1000 present fractional values ap-
proximately equal to: 2.70, 2.30, 2.25, and 2.10 (for a state) and 
3.55, 3.27, 3.16, 3.07 (for b state). We can note that these values 
lie between integer Landau levels 2 (2D quantum disk) and 3 (3D 
spherical quantum dot) for a state and 3 (2D quantum disk) and 
4 (3D spherical quantum dot) for b state. The fractional energy val-
ues obtained in the limit case (γ −1/2 → 0) allow us to assume that 
1460 R. Correa et al. / Physics Letters A 379 (2015) 1457–1463Fig. 3. Two-electron energy structure in an anisotropic quantum dot whose dimensionality is changed between 3 and 2 by considering β = 0 and α = 1 (a), 10 (b), and 
1000 (c).
Fig. 4. Evolution of a(0,0,0,0) (a) and b(0,1,0,0) (b) energy states when the space dimensionality is reduced from 3 to 2.systems with different degree of anisotropy correspond to nanos-
tructures with fractional dimension.
In Fig. 5 we display the effects on the two-electron energy 
structure related to the increasing of the parameter β for a fixed 
α equal to 1000. This increasing yields an ellipse each time more 
prolate (elongated) and therefore the electrons feel a stronger con-
finement along the Y axis.
We can observe from Fig. 5 that increasing in the parameter β
yields a reordering in the energy levels and tends to favor the de-generation among groups of curves as consequence of the QD size 
and the confinement potential which is strongly dependent on the 
QD morphology. In this regard, in Fig. 5(a) (β = 1) it is possible to 
distinguish each one of the sixteen states plotted, but in Fig. 5(b) 
(β = 10) it begins to observe a timid overlap among some energy 
levels which is substantially notorious when the parameters α and 
β become very large such as shown in Fig. 5(c) (α = β = 1000). 
In this case some levels are totally merged and for this reason 
only eight curves are observed. This limit case (α = β = 1000) 
R. Correa et al. / Physics Letters A 379 (2015) 1457–1463 1461Fig. 5. Two-electron energy structure in an anisotropic quantum dot whose dimensionality is changed between 3 and 2 by considering α = 1000 and β = 1 (a), 10 (b), and 
1000 (c).corresponds to quasi-one-dimensional ellipsoidal-shaped quantum 
wire and therefore the increasing of the β values describes a tran-
sition of the two-electron states from 2D space (quantum disk) 
to 1D space (quasi-one-dimensional quantum wire). An important 
fact related to the two electrons in a quasi-one-dimensional limit 
(Fig. 5(c)) is bound to the level-ordering which depends only on 
radial quantum numbers as γ −1/2 → ∞. Once again and similarly 
to the effects described above, in the case of high confinement 
conditions (γ −1/2 → 0) the levels form new groups characterized 
by fractional values of energy which are very different from the 
integer Landau levels.
In order to complement the description of the two-electron 
energy structure, in Fig. 6 we have plotted the contour maps evo-
lution for the ground state and first excited as a function of α
and β . When α and β become sufficiently small (α, β → 0) the 
energy curve defined by a red color (see inset Fig. 6(a)) is ap-
proximately equal to 3. This value corresponds to 3D spherical 
QD. By maintaining β = 0, we see that an increase of α in the 
range 0–100 yields a diminishing in the energy values from 3 
to 2, where these last values are characterized by blue color. The 
most noticeable changes of the energy values take place when α
is varying between 0 and 10. In this range the QD undergoes a 
drastic change in its morphology from an isotropic spherical QD 
to almost planar quantum disk. Nevertheless, the energy of the 
first excited state records still much more drastic changes with α. 
Consequently, when α is ranging from 0 and 10, it is possible to 
observe that a(0, 0, 0, 0) and b(0, 1, 0, 0) energy states take values 
between 3 to 2.44 and 4 to 3.27, respectively. Therefore, in this 
rage of values, the a(0, 0, 0, 0) and b(0, 1, 0, 0) states undergo en-
ergy changes nearly to 62.5% and 73.4%, respectively. Additionally, the contour plots 6(a) and 6(b) are symmetric with respect to the 
main diagonal since α and β parameters play similar roles. How-
ever, the energy variations of a(0, 0, 0, 0) and b(0, 1, 0, 0) states 
are different along the main diagonal, because the greater are α
and β , the greater is the ground state energy and the smaller is 
first excited state energy.
Finally, the evolution of the first seven two-electron energy lev-
els as a function of α parameter for two different β values are 
shown in Figs. 6(c) and 6(d). When β = 0 (Fig. 6(c)) we can ob-
serve that an increasing in α value generates a reduction of the 
corresponding energy values decreasing monotonically toward the 
corresponding two-dimensional Landau levels. It is evident that α
and β have different influence on the energy states. For instance, 
in Fig. 6(c) the states (b) and (c) are merged while in Fig. 6(d) for
β = 50 the states (b), (c), (d) and (e) decrease when α is increased 
between 0 to 50 while the states (a), ( f ) and (g) grow with α. This 
fact is a direct consequence of the continuous variation in the QD 
morphology which yields a modification in the electron–electron 
correlation, being this effect strongly dependent on the actual spa-
tial dimension when it is ranging between 3 to 2 or 2 to 1, passing 
by intermediate fractional spatial dimension values defined by the 
α and β parameters.
4. Conclusions
We propose a simple numerical procedure based on fractional-
dimension formulation in order to calculate the energy spectrum 
of two-electron confined into QDs with anisotropic parabolic con-
finement. Our results are in good agreement with those results for 
two-electron systems in 3D and 2D quantum dots. We also demon-
1462 R. Correa et al. / Physics Letters A 379 (2015) 1457–1463Fig. 6. Contour curves displaying the evolution of the two-electron ground state (a) and first excited state (b) with α and β parameters. The first seven low-lying energy 
states as a function of α parameter for β = 0 (c) and β = 50 (d).strated that the results of calculation may be interpreted in terms 
of the fractional dimension where interplay between the binding 
forces due to the quantum confinement and the Coulomb interac-
tion play a crucial role on the two-electron dynamics according to 
the dimensional space nature either if it is integer or fractional.
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Conclusions
The analysis done in this work related the few-particle systems confined in nanostructures,
mainly QRs, allows to establish some relevant results that can be summarized in the following
ideas:
• The energy spectrum, the inter-level energy spacing and the one and two-particle wave
functions of the e−, e−+e−,D0,D+2 ,D− andD02 s nano-systems, are strongly dependent
on the size, shape and the uniformity of the confining nanostructures, the nature of
the external applied fields and the number and location of impurity charge centers.
• Off-axis impurities and non-zero electric fields lead to a breaking of the system symme-
try, which is notorious in the appearing of localized states in the distorted Aharonov-
Bohm diamond pattern of artificial atoms D0 or molecular complexes D+2 .
• The hydrostatic pressure applied on the e−, e− + e−, D0, D+2 , D− and D02 systems
confined in QRs, increases slightly the Aharonov-Bohm oscillations period. This is a
consequence of a reduction in the dimensions of the whole system and mainly of the
QRs radii when the hydrostatic pressure is applied.
• In general, the hydrostatic pressure applied tends to reduce the energy levels making
the system more stable. This is a global consequence of the influence of the hydrostatic
pressure on the effective mass of the charge carriers, the dielectric permittivity and the
geometrical parameters such as ring radii, ring-ring distance (for double ring systems)
and donors-electrons distances. This effect is clearly more noticeable in the e−, D0,
D+2 systems and in excited states.
• The equilibrium length, dissociation energy and turning points of the molecular com-
plexes D+2 and D02 are modifiable in real time by applying an hydrostatic pressure
field.
• It was demonstrated that by starting from the most general few-particle system studied
in this work,this is the D02 in a double ring systems, it is possible to obtain the spectra
of other simpler systems such as the D− and D+2 by changing geometrical parameters
and defining the ionization mechanisms D02 → D− +D+ and D02 → D+2 + e−.
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• The structural defects as protuberances in QRs lead to localized states which are
possible to observe in the Aharanov-Bohm patterns and can be corroborated with the
probability densities.
• The protuberances sizes are intrinsically related with the number of localized states.
In general, is satisfied that the greater are the sizes of the protuberances the greater is
the number of localized states.
• Stark-like patterns are observed in two doubly degenerated levels hydrogenic QRs (this
is, with two enough separated protuberances) and their structures are strongly depen-
dent of the QR size.
• Based on the electron mobility, a mechanism to detect narrow intervals of electric field
thorough the measurement of nanoscopic loop-currents as a function of the non-uniform
morphology of a quantum ring was proposed.
• Similar phenomena in few-particle systems confined in nanoribbons under the presence
of crossed fields are observed in QRs, such as Aharonov- Bohm and Stark Effects, and
localized states.
• The energy levels of a D+2 confined in a GaAs/Ga1−xAlxAs quantum wells are shifted
up by increasing he sample temperature and they are reduced by applying an hydro-
static pressure field or by increasing the aluminum concentration.
In short, all the geometrical parameters and the external probes can be simultane-
ously combined to tailor the few-particle eigenstates strongly confined in QRs in order
to obtain customizable quantum levels to determine their optical response essential





The problems treated in the several chapters, involve at some point in the modeling process
the solution of eigenvalue problems related to the dimensionless Schrödinger equation, which




Ψ(ϕ) + Ṽ (ϕ)Ψ(ϕ) = ẼΨ(ϕ) (A.1)
Where C is a constant characteristic of each system, and the pair of terms Ṽ and Ẽ are the
renormalized1 potential and energy, respectively. On the other hand, Ψ(ϕ) and Ẽ are in that
order, the eigenfunctions and eigenvalues associated with the wave differential equation that
describes such one-dimensional system.
In the literature [66, 74, 73] are presented diverse numerical methods for solving differential
equations, the most representative are the Runge Kutta-method, Shooting Method among
others. But solving the second-order differential equation (A.1) involved an additional de-
gree of complexity because its solution depends on the unknown parameter Ẽ, thus a further
algorithm must be developed. In order to solve this eigenvalue problem it is possible to per-
form some developed algorithms, as those suggested in [73], but often are not very efficient
computationally because they involve solving several times the same second-order differential
equation by varying the parameter Ẽ until a specific boundary condition is satisfied.
The objective of using trigonometric sweep method is reducing the order of the differential
equation and making the process of finding eigenvalues and eigenfunctions more efficiently.
This can be achieved if the state of the system is described in a phase-space plane (see Fig.
1The actual quantities are proportional to the renormalized ones, and they are introduced by a rescaling
transformation with the aim of simplifying the computational process.
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A.1) by using the Poincaré polar coordinates. The explicit transformation can be written as
follows:
Ψ(ϕ) = A(ϕ)cos(α(ϕ)) (A.2a)
Ψ′(ϕ) = A(ϕ)sin(α(ϕ)) (A.2b)
Here, the wavefunction is written in terms of two quantities, A(ϕ) and α(ϕ), which represent
the amplitude and phase, respectively of Ψ(ϕ) on the phase-space plane.
Figure A.1: Phase-space plane. The A(ϕ) and α(ϕ) quantities defined into the transforma-
tions A.2 are interpreted as the amplitude and phase of Poincaré curves respectively.
Following with the order-reduction process, it is easy to show that relations (A.1) and (A.2)






(Ṽ (ϕ)− Ẽ) = tan2(α(ϕ)) + sec2(α(ϕ))α′(ϕ) (A.3)
allowing to obtain a first-order differential equation for the phase function α(ϕ) giving by:
α′(ϕ) + sin2(α(ϕ)) + cos2(α(ϕ))(
Ẽ − Ṽ (ϕ)
C
) = 0 (A.4)
Which is solved numerically via Runge-Kutta-Fehlberg Method (RKF45). But for this pur-
pose, an initial condition in order to initiate the algorithm execution is needed. Such initial
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condition arises from the physical fact that the Ṽ (ϕ) functions in the present work are pe-
riodic2 and can be interpreted as confinement potentials3.
It is well known from several problems in quantum mechanics4 that the single or even states
are characterized by a wavefunction with a slope which slowly tends to zero at the frontier
points, while the triplet or odd states wavefunctions tends to zero at such points [28, 29].
These conditions can be written, assuming that the potential confinement frontiers are lo-
cated at ϕ = 0 and ϕ = 2π as:
Ψ′(ϕ = 0) = Ψ′(ϕ = 2π) = 0 for singlet states (s = 0) (A.5a)
Ψ(ϕ = 0) = Ψ(ϕ = 2π) = 0 for triplet states (s = 1) (A.5b)
Where s labels the parity of the state, taking the value of 0 and 1 for singlets and triplets
states, respectively. Despite the potential confinement imposes sets physical boundary con-
ditions directly on the wavefunctions, the Poincaré coordinates (A.2) and conditions (A.5)
allows us to find an initial condition and a boundary condition for α function, which can be
easily obtained and are given by:
initial conditions boundary conditions
α(ϕ = 0) = 0 α(ϕ = 2π) = −mπ for singlet states (s = 0) (A.6a)
α(ϕ = 0) =
pi
2
α(ϕ = 2π) = −mπ + π
2
for triplet states (s = 1) (A.6b)
Here, m takes values m = 0,±1,±2... and it is called the relative angular quantum number.
The process of solving Eq.(A.4) with boundary conditions (A.6) begins by introducing values
of the entry parameters s and Ẽ5, then Eq.(A.4) is solved obtaining an α(ϕ) function. As
can be noticed, the solution depends on the entry parameters, although the function α(ϕ)
explicitly does not. By this reason it is introduced the υ(ϕ, Ẽ, s) function, which corresponds
2In all cases treated in this document, the geometry of TQRs systems impose a periodicity of 2π on the
potential. Thus, odd and even solutions of the wavefunction are expected.
3This fact entails a particular behavior on the wavefunction at the frontier points.
4Such the particular case of infinite barrier quantum well
5For practical purposes the selected initial value of Ẽ must coincide with the confinement potential
minima.
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to the solution of Eq.(A.4) for a Ẽ, and s fixed6. Clearly, since the initial conditions of
Eq.(A.6) were used to find numerically υ(ϕ, Ẽ, s), this solutions satisfies :
υ(0, Ẽ, 0) = 0 for singlet states (A.7a)
υ(0, Ẽ, 1) =
π
2
for triplet states (A.7b)
Furthermore, the boundary conditions in Eq.(A.6) lead to a transcendental equation valid
for singlet and triplet states (which provides a way to find out the eigenvalues) Ẽ, and can
be written as:
υ(2π, Ẽ, s) = −mπ + υ(0, Ẽ, s) (A.8)
Computationally the problem stated in Eq. (A.8) is analog to find out the zero-roots Ẽ(m, s)
of the transcendental function Ξ(Ẽ,m, s) which has the form:
Ξ(Ẽ,m, s) = υ(2π, Ẽ, s) +mπ − υ(0, Ẽ, s) = 0 (A.9)
Thus, the values of Ẽ that make Ξ(Ẽ,m, s) equal to zero for a given m and s are the eigenen-
ergies Ẽ(m, s) = Ẽm,s related to the eigenvalue problem (A.1), and υm(ϕ, Ẽm,s, s) = αm,s(ϕ)
is the phase function related to Ψm,s(ϕ).
Finally, once obtained the αm,s(ϕ) function and with the aim to compute the amplitude
A(ϕ) that allows to rebuild the wavefunction Ψm,s(ϕ), it is necessary to solve the differential
equation easily obtained from relations (A.2):
d
dϕ
(A(ϕ)) = A(ϕ)tan(α(ϕ))[α′(ϕ) + 1] (A.10)










WhereAm,s(0) is a constant factor that can be found by normalizing the system wavefunction.
6Note that υ(ϕ, Ẽ, s) coincides with α(ϕ) function for a Ẽ, and s given.
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Appendix B
Simplified notation for Low-lying states
A simplified notation defined in Ref.[40, 41] for the some low-lying states related to a two-
electron system in one-dimensional rings, has been also used in the present work for labeling
the energy states as it is shown in the table B.1. The M , m and s quantum numbers are
respectively the center-of-mass and relative angular momenta, and the two-electron spin.
Table B.1: Energy labeling notation for some low-lying states for the two-electron system.
(M,m, s) Simplified notation
(0, 0, 0) a
(±1, 1, 1) b
(0, 2, 1) c
(±2, 0, 0) d
(±1, 1, 0) e
(±2, 2, 1) f
(0, 2, 0) g
(±3, 1, 1) h
(±1, 3, 1) i
(±3, 1, 0) j
(±, 2, 2, 0) k
(0, 4, 1) l
(±4, 0, 0) m
(±1, 3, 0) n
(±3, 3, 1) o
(±4, 2, 1) p
(±2, 4, 1) q
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